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PREFACE. 


The Differential and the Integral Calculus have been ©sta- 
biiahed upon ©iidrely different axioms and definitions by the 
aeveral founders of tliose sciences. The prirnarA' ideas of 
inflnitesiinals^ fluxions, and exhaustions, though their results 
coincide, for the simple reason that all pure truth is con- 
sisteut with itself, are widely diverse in their ahstmct nature. 
In writing, therefore, on the priucifdes of either (Jalculua, a 
difficulty presents itself in the necessity of electing between 
83’stems, each of which has the sam tion of high authority 
and peculiar intrinsic merits. 

This consideration in of ©special importance in a “ Rudi- 
mentary Treatise,” which cannot, of course , fulfil tho pro- 
fession of its title without Hingleno.ss and Hiniplicity of its 
fundamental ideas, and «n exa<‘tneh« thought and language 
often very difficult of attainment 'J’ho choice of mothodH 
in the present work has hccii deiormined partly by historical 
considerations. The discoverers of new truths usually search 
after them by the simplest and most familiar considerations; 
and it seems natural to preHume that, as far at least as 
abstract principles are concerned, the way of discovery' is the 
easiest way of instruction. 

The original idea upon which Newton based the system of 
fluxions, regarded a differential coefficient as the rate of 
increase of a function. The idea u[>oii which Leibnitz and 
the Bemouillis established the InUgral Calculus, regarded 
an integiml as the limit of the aummation of an indeffnite 
number indeffnitely diminisbiug guan lilies. The facility 



with which the idea of rate” may be conceived and applied 
to the science of which Newton was the great founder, and the 
similar advantages of the idea of summation in the lutegial 
Calcfilus, determined the selection of the first idea as the 
basis of the “Manual of the DitTerential Calculus” by the 
pre^♦ent writer, and the second as the basis of the present 
treatise. 

The value and importance of what is termed by Professor 
Do Morgan the “ summatory” delinition of integration, has 
la?en insisted upon by him and others of the most eminent 
nioderii mathematicians: hut the present is probably an almost 
solitary attem{>t to establisli the Integral Calculus on that 
definition excluHivoly. Throughout the entire range of the 
practical ajiplications of the Integral Calculus — to Geometry, 
Mtsdionics, iir . — tlie idea of Bimmmtion is solely and universally 
applied. Tlie rival delinition of the IiiU‘gral Calculus — as 
the invei-so of the DitTerential Calculus — has a merely rela- 
tive signification, and is, therefore, essential only in ana- 
lytical invf»stigAtions of tin* relations of the two sciences. 

Put whatever system ho adoj)ted for (;stablishiug either 
calculns must of necessity involve the idea of limits and 
limiting values. An unreusoimble reluctance has been some- 
times exhibited in adopting this idea in elementary treatises, 
wberejis ibat it is one by no means difficult to be conceived is 
shewn by its adoption in the tirst ages of naiiheniatics. By 
fur greater ditficultios have arisen from the shifts to which 
rej^rt has been hud to evade it iu theorems of wliich 
demonstrations without it are necessarily illogical. 

'The idea of limits occui's. or ought to occur, much earlier 
in the study of exact science than is geuefally allowed* 
1'his idea is essentially involved iu Arithmetic, Euclid, and 
Algebra. The laws of ojveration with recurring decimals 
and surds cannot ho accurately established without limits — 

fur in what sense is the fraction ^ equal to -3383 or 

>/ equal to another interminable decimal, except as the 
limits of the two infinite convergent series represented by 
the decimals? Euclid's definition of ©quality of ratioa 
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(Book V., Def. V.), is made to include incommensurable 
ratios by considerations dependent on tbe method of limits, 
which also occurs repeatedly in Book XII. In Algebra, 
as the present writer has endeavoured to shew elsewhere 
(Oambridife Mathematical Journal, Feb., 185t2), an exact 
demonstration of the Binomial Theorem must involve the 
method of limits. The same remark applies to the operation 
of equating indeterminate coefficients and the theorem 1. 
Neglect of these consideratioiiB involves the writers of some 
tr^tisee in obscurities, ernirs, and inronsisteneies, which 
bring to remembrance the supposed common origin of the 
words gibl»eriiih ” and “ algebra."* 

Throughout the present work, the language of itifinites 
and infinitely small quantities has been earefully avoided, 
partly because they cannot, except by nn inarcurfiey of Ian 
guage, he 8[)oken of as really existing magnitudes which mav 
be subjected to analytical operations, jmrtly because the 
language of the method of limits is equally roncise, and is, 
moreover, exact. 

That infinity has a real existence must be admitted; for h i 
ua conceive any distiinee, however great, such that the remotest 
koown star is comparatively near: we cannot say that space 
terminates at that distance. Whnt is heyond the hrnnidary? 
A void, perliaps, hut atill npaee ; so that nnlcHH wr ran 
conceive the cxihtenee of a boundary whi^ h includes all space 
within it. and to which no space is cxlcnuil, wc arc forced 
to admit the existence of inlinite spac^*. But this ndmiHsion 
is altogether difi’erent from that which subjects infinity to 
mathematical tqwrations. How is the infinity thus ojicraled 
upon to \h^ defined ? A» a magnitude than whif h none other 
in greater? But by hypothesis it is the subject of nmilytiml 

* Alf«bnL<^ — ** Iwwerer, A«jiv« it from vitri»u» ftthcr Ambic wori§, 

at fmn Ckber, a celebrattd pbtiotopher, chemitt, «jmI niaitb#matkian, to 
whom they atcribe the iatcjition of thit MiUktmaUml 

Z>^‘<mary. Gibberith.- " It if probably dented from the clawiicai 
and origlftally woplitd the )trgon of GcUr tnd bif tribo.' -VsAiwoaV 
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operations, and therefore of addition. Add, therefore, some 
quantity; the result is greater than this iuBnity, or the 
deiinition is contradicted. The truth is, that absolute in- 
finity, sucli as the infinity of space, cannot be intelligibly 
conceived on the supposition that anything can be added 
to it. 

Similar considerations apply to infinitely small quantities. 
There is no dithculty in seeing, that of any kind of mag- 
nitudo tlu' parts may be diminished infinitely, for, however 
small a part be taken, it may be divided, and thus smaller 
])nrts are taken. If, then, an infinitesimal quantity, the 
subject of analylie^il operation, be defined to be a real quan- 
tity less than any otluT, tlie definition may be readily shewn 
to be inconsistent with itself. 

When, therefore, intiuitesinmls and infinity are introduced 
into inathcMnalical operations, they ought to be regarded not 
ns having an absolute existence, but merely as the means of 
expressing the iitnits to wWivh results approach, n.s quantities 
in them an* continually increased or difiiiuished. 

M. (‘ournot, in bis admirable treatise “ J)n Fonctiofis et 
(iu Infinitfrsimid " (Paris, asserts, indeed, that 

file inlinitCHimal moihotl d(>e.s not merely constitute an in- 
genious artifice; that it is the expression of the natural 
mode of generation of physical magnitudes which increase 
hy elements smaller than any finite magnitude. But lie 
docs not appear to have anywhere detined what he urider- 
Htttiuls by elements smaller than any fijiite magnitudes; and 
without such a dtdinitiou it is impossible to invimtigate hi® 
proposilioti tu’cumlely. If the words of it he interpreted 
liicmlly it appt^irs to lead to this dilemma; if the elements 
be not magnitudes, the addition of them produces no in- 
erease — if they l>e magnitudes, they cannot be less than any 
finite magnitude ; for, htdug magnitudes, they may be divided 
into Ic.ss magnitudes. 

With respect to the melhcMi of limits, M. Cournot is of 
opinion that questions must occur in which it is necessary 
to renounce this method, and to substitute for it in language 
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and in calculations the employment of intinitely small quan* 
tities of different orders. He has not, however, specitied anv 
instance in w^hich the substitution in question is required. 

The following demonstrations do not refer directly or 
indirectly to different orders of small quantities, nor, indeed, 
to small quantities at all ; for the use of the term “small,’ 
in an absolute sense, in mathematics, is ol>j('ctional>le on 
account of its inexactness. The limit where greatness ceasos 
and smalbiesa begins cannot be distinguished. Hence, though 
one quantity may bo accurately said to bo smaller than niiothcr, 
the fonner cannot with ]>erfect exactness be said to bo neces- 
sarily and absolutedy small with respect to the latter. 

'bhe exclusive adherence to the “ suraniatory ” delinitinii 
of the Integral Calculus, has rendered it necessary to present 
the greater part of the following pro}M>sitioiis in a new form, 
and scarcely anything here given (except the historical 
notices) is compiled from amih»gous treatises. The tirst 
section contains a popular exposition of the Integral Cal 
cuius; and the Hccond a brief account of its history, com- 
piled from one or two cyclopiedias and dictionaries. The 
two following sections aro probably in a great measure new\ 
08 in them the general principles of integration and the 
integration of the fundamental funcliofis arc derived from 
the definition above referred to. I’he three short sections 
which succeed contain nothing original ; but the eighth, on 
Ihitional Fraciionar; is almost entirely newly written. I’he 
ordinary demonstration of the }H)HHibiliiy of resolving a 
rational fractiim into partial fnictions procCc.'ds by the ineth(Kl 
of equating coefDcients. and is defeclivo in this respect — 
that it neglects to shew, ii priori, tliat tlio assumed co- 
efficients have any real existence, and that the equations 
determining them do not give imfKmible or inconsistent 
results. 

To the kindness of Pbofkssoii De Moroak, of University 
Collage, Loudon, the Author is indebted for an exact de- 
moRStratioa of the existence of {>artial fractions corres{>ond* 
ing to rational fractions, with denominators resolvable 
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iiit43 ttifUplB fACtors. Biniitar obligBiioiis have been conferred 
by Ma. OoHKHt of Magdalene College, Cambridge, by bia 
aualogoua deroonatratioii respectiDg quadratic Actors. In 
a aubeeqnent part of the ao<‘Uon. a method of effecting these 
reaoluiious is proposed, which may, perhaps, save aome 
labour. 

In the ninth section a hint has been taken from Moigno’s 
editiou of Cauchy s Ix^ons de Culcul Integral,*’ to gene-r 
raiixe in some measure the principles of lUtioualimtion. 

In Uie next chapter the “Humnmtory” definition is ex- 
tended to Multiple Integrals. The Quadrature of Curves 
and the Culaituie of Solids are itext considered; and a 
method, whioli is prolmidy new. is given, of investigating »iho 
culiature by {>olar oo-ord mates, by considering surfaces to be 
genemied t)y the revolution of figures of rariabU form. 

The theories of rectiticatiou of curves and complanation 
of surfaces liave eomo dilficullics which are frequently 
c'vaded by illogical nmsoning. In the Priucipia,’’ the 
method of rectiticatiou is bused on the fifth Lemma — tlie 
horatdogous sides of similar figures are pro[>ortional.” This 
is stated without detuonAimiiuti, and is intended to be 
uxiomatic. It assumes, in other words, that if any figure 
be drawn to u reduced scale, the linear dimensiona of the 
corresponding jmrts are in llio ratio of the scale of the 
(uiginal to Uiat of the copy. Certain Cambridge versions of 
Newton's Lemmas, among other mutilations of the original, 
have attempted to prove this axiom respecting Imiffthi, by 
reference to a projwsition resjiecting areus, of which tbe 
evidence is of a totally difi'erent kind. 

Borne continental writers, amongst whom is M. Cournot, 
have Uiought to avoid all difilculty resfiecting the fuuda- 
mental principles of reetifiemtion and complanation, by de* 
fining curves and surfaces to he respectively polygons and 
)>olyhedrons of indefinitely small sides. But it is, in truth, 
a mere postt>onement of difficulty to invent new definitions 
to answer special purposes. Tbe methods of metsnrisig 
curves and surfaces, as defined by M. Cournot, are, perhaps, 
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to be connected with his views respecting small quantities, 
but cannot Ik? considered complete until extende<l by rigorous 
reasoning to surfaces and curves generated by continuous 
motion — such as solids of revt)lution and their sections. 
An essay is made in the following pages to establish the 
principles of this part of the Integral Calculus i>n very 
simple geometrical axioms, and the formula of complanation 
is proved without tho usual reference to the inclination of 
tangent planes. 

A consideration of the integration of functions which be- 
come discontinuous or intinilc for ]»articular values, appeared 
necessiiry to complete tin* subject, and an attempt has lK*(‘n 
made to elucidate tho defmiiion of mulliplo integrals of 
discontinuous functions. In the concluding section, an in* 
vestigation of some of the properties of the second Kulerian 
integral is partly taken from Jattrow’s “ zur 

h'uheren Mathematik but in the original proofs an important 
defect exists, to remedy which, the article on uUimatc ratios 
of Euleriari integrals has been given. Tho dernonstnition 
of the fundamental relati«»ii between the two kinds of such 
integrals is that of i*oisson, as given by M. (Journot. Some 
remarks are oifered on the inexac tness of evaluations of the 
sine and cosiite (d’ an infinite aiigb*. 

Several invaluable suggestions of rrofcssui’ the 

Lucasian Professor of Mathematics at ('ftni bridge, have btfon 
embodied in the two concluding chapters; and the obligations 
thus conferred arc acknowledg< d by the Author with a feclijig 
of great gnititication. • 

(ieometrical ref»resentatioiis of analytical theorems Jjavo 
been frequently introduced for the purpose of illustration, but 
not of demonstration ; for though tho prcK>f of purely ana- 
lytical iheorema of the Integml Calculus is independent of 
the extrinsic aid of geometry, they are often rcmarluibly 
elucidated by being considered objectively. 


Caxbkiixii^ February, 1S52. 
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SECTION I. 

GENERAL ACCOUNT OF THE OBJECTS OF THE INTEGRAL 
CALCULUS. 

1. Amongst the most important nsas of the Integral Calculus 
aro its applications to llio measurement of the lotij^hs of 
curves, the areas of curvilinear figures, the contents oi solids 
contained by curved surfaces, and tho (riTects of forces. This 
Calculus is required in the most important invostigations in 
every branch of tho exact sciences, 

2. The names of tho Integral and DifTerontial Calculus 
sufficiently indicate tho distinction between them. The In- 
tegral Calculus determinc.s the whole sum or integral magni- 
tude of a quantity of wliicli the differential parts are given. 
The Differential Calculus, on the contmiy, investigates tho 
relations of the differential parts of a qtiantiJy of which tho 
integral magnitude is given. 

3. The process of Integration is therefore the inverse of 
Differentiation ; in the same way as Subtraction is tho in- 
verse of Addition, Division the inverse of Multiplication^ 
Evolution the inverse of Involution. But in tlie same sense 
that Integration is tho inverse of DiiTerentiation, the latter 
operation is Uie inverse of the former. As, therefore, the 
Uifferential Calculus is dehned and investigated irrespectively 
of the Integral, so may also the Integral indejvendently of 
the Differential. It is an umiecesiarily restricted view 
which regards the Integral Calculus as a dependent science. 
Throughout the following pti^es its rules will W indepen- 
dentW demonstrated ; though the close relation between the 
two dalculi requires careful consideraiion, for the sake of its 
aid in comprehending both subjects, its suggastiveness in 
invealigatioDi and its test of lesnfts by inverse operation. 
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4. It WAS said {dM>re, that the Integm] Calculus detonni^two 
the integmi magnitude of a quantity fmm its differentiat psi 
Now of coorne Uiis indirect method of measurement vf<$*e$s 
wot l*e usually resorted to, if a more direct were pmcticahey. 
But iliere are innumerable cases iu which direct measureraeiu 
is impmctiaable. The menjiurement of the lengths of lines 
affords a simple illustration. Jf the linos be straight, the 
metliod of measuring tliem is obvious and direct. It consist 
In successive applications of a straight “ rule '* or standar 
of a unit of length (a yard, metre, ell, dr ), along the stniig 
lino (0 be m«*n8ured, and ascertaining how many times 1 cj 
tains the unit and known parts of it. But if the li) 
bo measured bo a rune, no such npjdication of a stra 
rule ’’ can be perfonned; it will coincide with the cun’i^ 
no [Kjrtion of it, however small. 

6. A rough wav of effecting the required memiuren 
is, howerer, readily suggesiiMl. A number of points 
be orlitrarily taken iu the curve, and be joined, or h€ 



r ed to be joined, by doited lines. Then, if theaa 
measured, their total length ia an approximate me 
of the length of the curve. 

6. It was long ago perceived, that by diminisliini 
lengths of the chords, and increasing their number, tin 
pioxtmation l>ecaine closer and closer. An imptoveme' 
the method was effected by dmwtng fri>m the extremhi 
intermediate poiots of the curve, tangents meeting eael 
at poiiiti in tim convex aide of the curve, m In fol 
diagram. If the curve be such that the tangent. 
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(it of it» oftxitiot meet it at any other point, the total 
fths of theae tangeuu is less than the length of the 
ve. In this way the length of the cur^e« though it could 
be exactly detormined, might at any rate bo ascertained 
be less than one, and greater tlian another, of two cpian* 
^tities; which might be made to differ by a quantity less and 



ev^, as the number of chords and tangents was increased. 

fthat the error of the approximation would ho determined 
sutliin closer and closer extremes, as the gotxnetor expended 
teoie and more labour on the gionsumtion. It is clear, 
t^wOTer, that the length of the curve lias some ej^act value, 
Thich is the ltxit o? the operations al>ovo explained ; and 
roe discoveiy of that exact limit is the solutim of a j^robUm 
i/ the Integral Calcidue. 

7. Again, the area of any plane curvilinear dgurc is certainly 
greater than that of any polygon of straight sides inscribed 
m it, and less tlmu that of any such polygon circumscribed. 
By increasing the numbers of sides of the circumscribed and 
inscribed polygons, their areas ere made to differ less and 
The area of the cui-vilinear figure lying iKslween them 
Biffilthtti bo determined within any degree of approximation, 
of tlipr instance, let the area ACB be included by a curve AB, 
the ^iwo straight lines, AC, CB, at right angles to each other, 
whtc^uirea little science to perceive ilmt om? of the readiest 
Thru of roughlv measuring this area, is to divule it into portions 
denth^ piuilfel to AC, but not neces^rily equidistant, and 
Ciputa the area of each such portion as if it were a rl$e^ 
aid m this melliod would give the area of the 

net by the curve, but by the aigaag dotted Itne 
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Diitilin or without the figure. The difiereiioe between the / 
rectilinear figures bounded by the two ^gzag lines n 
reduced by increasing the number and dimin^ing the 
the rectangles. Thus the curvilinear area may be del 



mined within a margin of error which may be diminished at 
pleasure. Tliis process for determining areas is called tb© 
Jrfothod of Quaoratuhes. 

8. It may happen that this method of approximation sug- 
gests the limit to which^it tends. The Integral Calculus 
oiiTors from the preceding method only in that it substitutes 
abiohih for mere approximation. Tlie curvilinear 

figure must have some fMict area which is the limit of the 
results of the al>ove oj>er«tions. If. therefore, that limit may 
Ik? inferred from them, they lead to the folution of a problem 
of thf Integral CalevInM. 

0. Again, on© of the most frequent problems of Dynamics 
is to ascertain ibe distance passed over in a given time by 
a point moving with continually- varying velocitj\ If the 
point were moving with uniform velocity, the distance de* 
scribed by it in any time could be immediately ascertained. 
The approximation to the distance described by a varying 
velocity is analogous to the approximations above described, 
and consists in supposing the velocity to change not conti- 
nuouily but after intervals, and remain uniform daring each 
interval. The shorter the intervals, the more nftariy does the 
distance computed on this euppositieti approximate to the 
lesl distance described. Let the distamM be oompnted on 
the hypotheses, /rsf, that the pmnt retains thron^iotit 
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eadi of the iotervala into which iiM moUon ia bypothetictll/ 
divided, the velooity it actually has at the comraeucetnent of 
that interval; seccmdly, that the point has throughout each 
interval the velocity it actually has at the tenuinatton of that 
interval. The first hypothesis evidently gives tljo distance 
traversed too small; the second hypothesis too large, if the 
velocity be a continuously 'increasing one. By diminishing 
the hypothetical intervals, the error of approximation is re- 
duced; and if the limit to which these operations lead can he 
found, the result is tke solution of a i)rohUm of the huetjral 
Calculus. 

10, The principle on which all the above cases depend, 
maj be stated generally thus : — A quantity is to bo measured 
which cannot be immediately com[»ared with the unit of mea- 
surement. The quantity is ihereforo divided into several 
parts, and it is ascertained of each of these, that it exceeds 
one, and falls short of another, of two quantities metisurable 
by the given unit The sums of the two series of mcasur' 
able quantities are the one greater, tho other less, than the 
whole quantity to be measured. 

This process has been continually practised by tho most 
unskilful os well as the most skilful cornpulors. It is applied 
in innumerable cases in the ordinary avocjitious of life. The 
science which from this kind of approximation extracts 
rigorous and exact truth, is the IsTKoiur. Calcujx's. 

The foregoing remarks will probably suflico to show the 
student w hat kind of reasoning may bo expected to engage his 
attention in tliis subject. They serve also to render intelli- 
gible tho following slight sketch of its history. 
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SECTION IF. 

KAaLV niSTORt OF THE INTEGBAL CALCITL0S* 

pYTnAooius, bora about 500 b.Om died about 107 b*o. Th« 
hiHtory of bis miithematiral discovrries rosts generally on no 
higher nnlbority than that of tradition. The discovery of the 
quadra! uro of the parabola has boon ascribed to him, as ap- 
pears from the following passage in Dr. Hutton’s Mathe- 
matiml Dirtionavy. In reference to the theorem that the 
aquaro on the hypulbemHe of a right-angled triangle is equal 
to the sum of the squares on the sides, it is remarked, that 
*• Plutarch oven doubts whether such n sacrifice was made 
for the said theorem, or oven for the area of the ParaboFat 
which it was said ]\vthagorns tdso found out.” 

Etroi.ns who lived about ami about 50 years before 

Archimedes, hhowed, in bin lOlh Hook, that the areas of the 
Oindo and Polygon inscribed in it are ultimately equal. He 
demons! mted that the area fd the circle u equal to half the 
rectangle (‘ontained by the radius luid circumferem!©, and tlius 
found out a prf>bl 0 m of Integmtion. His incthml is known 
as the metlioci of I’hc hi'st proposition of Uie 

Ihth lh>ok asserts that, if from the greater of two given 
quantities be taken more than its linlf, from the resuking 
remainder more than its half, and so on continually, there 
will nnnain nt hist a qiuuitity less than either of the given 
quantities. By this reasoning, the diflerence between the 
cinde and [‘olygon is exhausted, and the circle becomes ulti- 
matoly equal to the j)olygon. 

Archimedes, wlio lived about t25t> b.c,, investigated the 
ratio of (ho circumference of a circle to its diameter. By 
calculating the length of the periphery of a circumscribed 
polygon of 192 sides, and an inscribed polygon of 96 rides, 
lie found tliat the circumference of the circle is between 
and Hjtf of the diameter. He left a treatise on the 
Spiral which now bears his imme ; and determined the rela- 
tion of the area bounded by that curve to that ol the cir- 
cumscribed circle. To Archimedes is attributed the quodm- 
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tiir(» of the pEfiboU, which d]i«oovory» however» es appOMK 
ftbove, h$a been aaeigned to P^thagom aleo* l^et AO be 
« portion of a parabola, O 
its vertex, OB a part of ita 
axis, and AB a straight Hue 
at right angles to it The 
proposition in question, 
which is interesting from 
its antiquity and intrinsic 
importance, asserts tlmt tiio 
area AOB is two-tbirds of 
the rectangle A COB. The 
student may easily asoerUiiu 
after reading the following 
pages, that this result is equivalent to the integration of a 
Wetion of the form where c is constant and x variable. 

Archimedes showed in his treatise 
that the content of a sphere is two-thirds of that of the 
cylinder which just contains it; that the surface of a sphere 
is four times as great as that of one of its great circles, &c. 

CoNOK, a contemporary of Archimedes, is said to liave 
invented tho spiral which bears the name of tlio latter, and 
to have proposed to him problems ro8[>ectiug it, which wore 
solved by him. 

Pappus, who lived towards tlie end of the fourth century 
(alamt a.o, Oho), demonstrated some of tho principal pro- 
perties of the same spiral, by adding together an indehnite 
number of parallelograms and cylintlcrH, into which he sup- 
posed a triangle aud couo ultimately divided. Pappus also 
gave in the preface to his 7th Jiook, the crntroharic method 
of determining the content and superficies of a solid of revo- 
luiioti in terms of the dimensions of the genemlitig figufS, 
and the position of its centre of gravity. The theorema of 
the centrobario method discovered by Pappus, frequently are 
called Guldin i properties, from a much later mathemaiioiaii, 
Guldini, by whom they were demonstrated. 

Galileo, bom 1564, died 1042, proved that a body 
moving in a straight line with a constant acceleration, such 
as that produced by gravity, describes in Mxiy time from the 
eommeocetnent of the moUon a distance prt>[)ortianal to that 
time. Ue thenee showed that the path of a prcrjeeiile ia a 
pamboUu The determuiatioii the distance described hj a 
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coniUntly-accclerated point depends necessarily on the prin- 
ciples of the Integral Calculus, as explain^ in Article 9. 

Tobbiceuj, bom 1608, died 1047, was a disciple of Ga- 
lileo, and wrote a treatise T>e Dimmsione Parahoi^, with an 
^pendix l)e Dimmsiane Cycloidis. Dr, Hutton says, that 
Torricelli Orst shewed that the cycloidal space is equal to 
triple the generating circle (though Pascal contends that 
Bolbervsl showed this) ; also, that the solid generated by the 
rotation of that space about its base, is to the circumsorihing 
cylinder as 5 to 8 ; about the tangent parallel to the base, as 
7 to 8 ; about the tangent parallel to the axis, as 3 to 4,’’ Ac, 
(See DKscAnTEs.) 

(UvALiKiu, a disciple of Galileo, and friend of Torricelli, 
published in 1035, Gcometna Jndivmbilibus cotitinuonm 
novd quddam rat tone promata, 4 to., Bononiie, This work, 
which olvtaincd for the author the credit in Italy of inventing 
the InfinitOHiinal Cidculun, proceeds by division of geometriciu 
figures into iiidelinitely sraall j>arts. 

lioDKnvAT., in 1016, delenniiied the centres of percussion 
and centres of gnivity of sectors of cylinders and circles, Ac., 
by methods equivalent to Integration. From the letters of 
Descartes, it appears tliat these discoveries were subjects of 
oontroversy between him and llol>erval lU)l>crvars Treatise 
on Indivisibles, appeared in 1066, in the ^lemoirs of the 
Academy of Sciences at Paris, 

Descaiitks, bom 1590, died 1050, determined the centres 
of gravity and centres of oscillation of various curvilinear 
figures. His method of dtunonstrating the proposition re- 
epoctiug the eyebdd, referred to in tlie preceding notice of 
lorricelli, is an excelleat instance of the geometrical investi- 
gation of tlie quadnitui*e of curves. The following is an 
extract from a letter from him to Father Mersenne, in 1638. 
(Lettres do Descartes, tome iii. page 384, Paris, 1667.) 

“ You commence by an invention of Monsieur de Robenral, 
reapeoting the space included by the curve described by a 
point of the circumference of a circle supposed to roll on a 
plane; with respect to which. I acknowledge that I have 
never before thought of it, and that the observation of it is 
pretty enough. But I do not see that there is reason to 
make so much noise at haring found a thing which is so 
eas\% and whteh any one wlu> knew ever so little of geometij 
could not fail to if he sought for it For if AIK3 \m 
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this curre, and AC a straight line equal to the circumference 
of the circle STVX, having dividea this line AC into 4, 
8, &C,, equal parts, by the points B. o, H, N, O, P. Q, Ac., it 



is evident that the pfjrpendkular BD is equal to the diameter 
of the circle, and that the whole area of the rectilinear 
triangle ADC is double of this circle’^. Then, taking K for 
the point where the same circle would touch tlje curve A ED, 
if it were placed on its haso at the point O, and taking also 
F for the point where it touches this cunc, when it is placed 
on the point II of its base, it is t;vi(h3nt that the two 
rectilineal triangles A ED and DFC are equal to the square 
8TVX inscribed in the circle. Similarly* taking the points 
I, K, L, M for those where the circle touches the curve when 
it touches its base at the |>oints N, O, P, Q, it is evident 
that the four triangUs A IE, EKl), DLF, and FMC are 
together equal to the four isosceles triangles inscribed in the 
circle SYT, TZV, VIX, and XQ8; and that the eight other 
triangles inscribed in the curve on the sides of these four 
are equal to the eight iuscriWd in the circle, and bo on to 
infinity ; whence it apj^ears that the wholo area of tho two 
segments of the curve, which Imve Al) and DC for bases, is 
equal to that of the circle ; and, con^^eq^ently, tho wholo area 
contained between lh(' curve ADC and the straight line AC, 
is triple that of the circle.” 

Gregory (St. Vincent) of llniges, published in 1647, 
Chn9 Oeotn^ricum Quad rat ura Viradi et Sectianum Cam. 
He showed that the space between a hyperlwda and its 
ai^ptota is divided into equal portions by straight lines, 
which divide the asymptote into parts in geometrical prO' 
gression, and which are pamllel to the other asymptote. 

Fermat, who died 1663, was author of a “Method for 
Qni/dbratare of all sorts of Parabolas/' and a treatise on 

* Bj a property the riftle oMatioacd hi the aolice of Boelid, 

B 3 
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Miitima and Mioima« in whiek proUami coaeaniiiig Uia 
oeninm of gmvity of solidt aro oolred by a mathoa 
semHing Newtons Fluxiona. 

Hcyoens, in 1051, published TheoremtUa de Quadrature 
HyperhoUp^ Ellipsis et Cireuli sx dato Portionum GravitaUs 
Centro i and in 1058, at the Hague, his celebrated Horolo- 
gium Oscillatorium she de motu Penduiorum, in which ho 
Htaten that ho was the first discoverer that a certain segment 
of the cycloid is eqtial to a regular hexagon inscribed in the 
generating circle. He showed that the time of oscillation of 
the cycloidal pendulum is independent of the extent of vi- 
bration, and from the principles of the pendulum measured 
the effect of gravity, by which ho showed that a l»ody 
descended verlically from rest in vacuo, in the latitude of 
Paris, 15 French feet in om* h^h'oihI. 

Waixis, in 1056, published his Arithmetica Injinitorum^ a 
great improvement on the IndiviHibles of Cavalieri. Wallis 
treats of quadmturos. and gives the first expression for tho 
quadrature of a circle by an infinite series in this work, 
“ in wliich,” says l^rofesnor Da Morgan, “ a large iuiml>er 
of pmldems of the Integral (/alcuhis is solved, and which 
contained more hints for future discovery than any other 
ivork of its day." 

Neal, in 1057, made a remarkable step in the TnU>gral 
Calculus. He appears to have heeu the first fKjrson who 
determined the exact length of any curve. Wallis, in bis 
Treatise on the Cissoid, states that Neals rectification of tho 
sonn*cu))ical panibola was published in duly or August, 1(557. 

V.\N Haurent, in Holland, in 1050, also gave the roctifi* 
cation of the scmi-cuhical parabola, as appears from Schooten’g 
Commentary on Descartes’ Geometry. 

Greoory (James) published, in 1007, Vera Cireuli et Uy- 
j)erlH}l(t Quadrnturu, to which he added in the year following 
GmutHritr Pars Unirersalis, of which the melho<i resembles 
that of lloborvals Indivisibles. 

Dr. lUnnow, in 1070, published his Metliod of Tangents. 
Ho died iu 1077. and the year following appeared his demou- 
stmtions of Archimedes’ properties of the Sphere and Cy- 
linder, by til© method of Indivisibles. 

Lkibkitsj, in 1681, gave in the Leipsk TraDsaciiont an 
account of his Differential Calculus. It is agreed that this 
was the 6rst ism© tlntt this grand disoovei^ appeared in print; 
though in the celebrated cotitroverBy wmeh arose as to his 
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dilm to tbo priori^ of tbi» inv^iton, o Oommittoo Of tiio 
Societj decided that ** Sir I. Newton had e^eu in* 
Tentod hia method liefore 1009.** The pneral omuioa of 
mo^km nmUtematieianB appears to oonoede to Leibnits the 
merit of an independent diseoverj, and to exempt him firom 
the charge of pla^arism. 

GRRooBt (David) publbhefl, in 16B4* EicercUatio Gee* 
mefnca de Dinumiom ri^Hmntm, 

NEvrroB nubli«hed hitn Principia in 10B7, the most meiiu^ 
rable year, tnerefore, in the ttimals of Hitienoo. Tho doctrine 
of limits, conceived and applied in the earliest periods of 
mathematical reseaitdi, had been rapidly growing m import- 
ance at the time of Newton and Leibnitz. The great step 
made by them con*»i8led in connecting the idea of limits with 
a specilic notation, and in cr<?cti!ig into a regular system a 
science which before their time laul been cxbibitmi only 
in isolated theorems. A largo jwirt of the results of tlie 
Principia are demonstrated hy gcoinetricnl inothods ctiuivo* 
lent to Integration. Newtons Method of Fluxions was hrst 
published in 1704, subjoiiUMl to his treatise on Optics. 

Mkrcatou (Niciiolah), in IOhh, published his Jjoffarith * 
motechuia, and is stated to have been the (\mt j>er8on who 
ever investigated the quadrature of eurves ai\alytically. This 
he did in a Demonstmtion of I.*ord Urouncker’s Quadraturs 
of the Hyperbola, by Wulliss method of reducing an alge- 
braical frm tion to an infinite series l>y division. 

By the English contemporari<'s of Newton, llie Integral 
Calculus, a Diflerential (Njeflieb nt, atid an Integral, were 
called the InverHC Method of bluxiotis, n p'luxkui, and a 
Fluent respec^tivcly, l‘hc notation and phraseology of fluxiotii 
i» now almost olnoletc. I'he methods of Exhaustions, Prime 
and Ultimato Hatios, Iiifinitesimals, Indiviaibles, llaaidual 
Analysis, Analysis of DerivatioiiM or Jlcrived b’unctlona, and 
of Limits, are different appellations which the sumo sulj^Jact 
has at different times ret:!idved. 

From the lime of Newton and Leihnitz the Integral Cal* 
cuius rapidly advanced. Its progress was in a great degree 
due to John and James Bemouiltt, who publisned a large 
number of memoira on the subject ; to Maclaurin, whose 
Fluxioiis a{»peared in 1743; to Cotes, whose Harmmim Vmt* 
$umrfm appeared in 1733; to B'Alemberi* who gave Memeifs 
on the Oaleulus in the Faria and Berlin Memmri; and lo 
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Eulers gr«it work, InsHtuHo Calculi InUgraUi, Petr, 1768, 

S Tols. 4to, 

The anulTtical part of the Tntecml Caleaias coneiats in 
redneing int^pnils to forms bj v<Mm their nnmerioal Taloes 
may be computed. This computation is usually facilitated 
bjr the common mathematical tables of sines, t^osines, loga* 
nthms, dsc. But many integrals cannot be found by these 
tables. In order to compute such integrals, oBier tables 
have been constructed, of which the pHncipal are called 
Tables of Elliptic Integral, from their relation to the length 
of elliptic arcs. 

FaoNiiNO, in his Produzione Matematickc, 1750, investi- 
gated a remarkable theorem respecting these arcs, which 
bears his name, and shows how the length of two arcs may 
be taken so as to (lilTcr by an assigned algebraical quantity. 

Eui.kb gave to the world some of the most important dis- 
covericH which constitute the basis of this branch of the In- 
tegral Calculus. In ITtU ho published, in the Petersburgh 
Transactions, the complete integmtioii of an equation in- 
volving two terms, each an elliptic function not separately 
intograble. Kuler also invented the class of integrals which 
are known as Kuleriau Integrals. 

Landed, in 1775, published his theorem showing that any 
arc of a liyperlnila may be measured by two arcs of an 
ellipse. 

liAORANCiE H Mcmoirs ill the Turin Transactions, in 1784 
and 1785, greatly extended the subject of elliptic fuuctionB 
in a part of it which latler had not discussed, and rendered 
llio dotermiiiatiou of numerical values of elliptic functions 
very complete. 

Lkoenokk undertook the task, involving immense labour, 
of coinjmting a greatly« ex tended series of tables. The second 
volume of l..egondre's great treatise on elliptic functions, to 
which a lai^e part of his life had l>een devoted, appeared in 
1827. To him is attributed the merit of giving to the sub- 
ject tlmt systematic arrangement and connection which con- 
Btilute it a separate science. 

Jacobi, Professor of Mathematics in Koningsburg, pub- 
lished ahortJy afterwards, in Schumacher's Journal, his re- 
searclies on elliptic functions. His principal object was the 
iuvestt^ion of certain general relations of these funetioiis, 
of wluim the investigatioiis of Lagrange and Leges^ involve 
particular cases. ^ 
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Abel, PiBfessor of MstliemEtks ia Ghmtknift, gate 
Tostigations of the subject iu Crelle's Joumah iu 18$17. He 
aniiTM iudepeudentlv at maay of the uuportAut discoveries 
of dacohi, and contributed valuable theorems respecting wW 
are called ultra-elliptic functions. The works of Abd, who 
died at the early age of 27 years, are esteemed among the 
most important contributions to modem analysia 

For some account of modem discoveries in Calculus, the 
reader may be referred to Moi^o's edition of Cauchy's Le^om 
deCalcul Differential et de Calm/ Integral^ 1844. 

Among the best known general works on the Integral Cal- 
culus are the following : — 

BoMQt, Cal. Piff. et Integral. Parii, 1708. 

BonebarUt, PUferential aud Integral Calcului, Eng. Tranalaiion. Cam- 
bridge, 1 S28. 

Carnot, Metaphjiique de Calcul Infiniteiimal. Paiii, 1700. 

Oaochy, Lecotu de Cal. Piff. ct Ini. Yot. 2, Calciil Integral. Parii, 
1844. 

Condorcet, Calcul Integral. Parii, 1706. 

Cournot, Dct Ponctions et du Calcul InSniietima). Parif, 1841. 

Pe Morgan's Pit!, and Integral Calculua London, 1842. 

Pubamei, Cours d'Analyw. Paris, 1847. 

Euler, Institutiones CalctiH Integmlis. Petersburgb, 1702. 

Gregory’s Examples on the Piff. and Int. Cal. Cambridge. 

Hirsch, Integraltafeln. llerlin, 1810. 

Lacroix, Calcul Piff. et Integral. Paris, 1797. 

Lagrange, Lemons sur Ut Calcul de Ponctions. Paris, 1800. 

Ltuiden’s Residual Analysis London, 1758. 

Legendre, Exerciees do Calcul Inn^Tu). Paris, 1816. 

Traite de Ponctions Kllipttques, 1825 8. 

Liitrow, Anleittmg xur hdberen Matbematik. Vienna, 1836. 

Mending's Tablet of Integrals. 

Obm (iTanin), Syttam der Matbematik, 1833 51. 

Baabe, Die Piiffcrential and Integral Eechnung mil Functiimati Mebrerer 
Tatiabeln. 

Scbldmlicb, Handbueb der PiSerenxtal lieebnung, 1 847. 

Taylor, M^odos Incrementarum. London, 1715. 





SECTION III. 

|>8nKmOKS.«-^SMEIUL ParKCIPLKS OF XNTKOEATION. 

11. Quaktities arc said to Ik) functiom of one aixoiliort if 
their values depend in any manner on each other. The 
letters F,/. Ax., prefixed to quantities, are used to denote 
functions of them. A function of several quantities is ex- 
pressed by vvriting the letters Ac., before them all sepa- 
rated by commas. 

l$i. A variahy is a symbol of quantity to which difiereat 
values may bo assigned. 

Ifi. An independent variable in a symbol of quantity, on 
the value of which the value of a function of it is considered 
dependent. 

14. A limit is the exa^^t value which a function approaches 
nearest, as the variables on which it dej^eiuls approach assigned 
values. 

15. The limit of a finite eoniiniwuR function of several 
quantities is the same function of their limits^ or if jj, y^, 

... be the limits of i/j ... respectively, 

rimii 0 

wberc f moans “ any finite continuous function of.*' 

A continuous function is one such that the series of opera^ 
(ions denoted by it when perfonned on more and more nearly 
equal quantities, prmluce more and more nearly equal results ; 

.y,-)— /(y,.y,..T, •••) (a), 

is smaller, as Ax., are wore aiid more nearly eqnal 

Tv Jr Jp ^ * respectively. Therefore, the limit of the 
finite quantity (^) is xero, or 
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lioit of jr^ y* o..) -/(yn n •♦0} •“ 
from which equation (1) immediately foUowi* 

Id. The quadratun of a hiute oonUnuona fuoollon of One 
Tariable having a limited range of valuea ts the sum of po* 
ducts of Boceessive values of tlmt function, each multtmied 
hj the differences between the corresponding value of the 
independent variable and the next preceding or eueceediitg 
value. 

17. The iniegrnl of such a function is the limit which its 
quadrature has when the differences of tho indepndent vari- 
able approach zero, and thoir iiuml)er approaches induity. 

IB. lA^i fx denote a finite continuous function of and 
let and be two constant assigned values of an. Also, let 
rffj, afj, a?, .. bo any successive intennediate variable values 
of r. Tbeu tbo quadrature of fx is l>y tho definition, either 


or - x^) ... 4* 

The integral of the function is llio linnt which those series 
approach when the differences — &c., approach 

zero, and their number infinity. 

lib In Art. 7, let x be tbo abscissa, measured from B 
along BC of any pffint in the curve BA, and \oi/x denote the 
corre8|K)nding abscissa. Then it is ch ar that the differences 
djj — ft,, <fcc., denote tho breadth of the rectangles 

drawn in the figure, awd /x^, Ac., the corresponding 
altitudes. Hence, tlie several terms in the forcgt>ing series 
denote the areas of those rectangles, and their sum is an 
a|>proximaUon to the curvilinear area ABC, whence the term 
quadrature is derived, since that quantity expresses approai* 
mately the number ofMqimre units (square feet, square yards, 
contained in ABC. Also, the integral is the exact area 
ABC ; for the magnitude of this area is Isjtween the magni- 
tudes of the tnscribefl and drciimscribed figures. But the 
difference between the two latter magnitudes has the limit 
aero. A fortiori, the curvilinear area differs from either of 
them, by a magnitude which has the limit xem. 
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As tbs figure last referred to is drawn, tbe initial Yslnes of 
M and of /0 are both 
supposed to be zero. If, 
however, they be finite 
positive quantities, the 
mtegral represents an 
area such ah ed, where 
0 is the origin from which 
the abscisses are drawn, 
and 

ocsii, hcvs.fb^, 

3s and o</ = /h 2 * 

20. Both expressions for the quadrature tn Article 18 have 

» same limits li fx have only one finite value for each 

lue of X from to for then they differ by the quantity 

(/*1 -/*|) (*l - + (/■»'2 -/*l) («S - »j) + 

(/»a -/«•») — +(A -/*.)(*» — *.)• 

Let Ajr be tlio greatest of the successive differences of x 
in the preceding quantity, which is therefore less than 

(/*i - / j) A » + ( /jT, — /*,) A * + . . . + yfb^ — /*.) A *, 

which expression is equal to { fb^^fb^)£^x, This, there- 
fore, is the difference between the two quadratures ; but if 
fb^ and fb^ l>e finite, fh ^ — fh^ is finite; ax is zero in the 
limit. Therefore, the difference between the two quadra- 
tures is zero in the limit, «. e., they have tlie same limit. 

21. Tlic pr6ce<ling article is exactly illustrated by the 
Lemma iii. of Newton s Priucipia, which is as follows (sup- 
posing all the parallelograms spoken of m the or%inm to 
be rectangles) r — 

In the plane figure bounded by the curve AF and straight 
lines AA^ AF, at right angles to each other, are inscribed 
any number of rectangles AB', BC', ... on anequal 
ba^ AB, BC, CD ..., and the rectangles AB", BC'^ CD^ 
... are completed. If the breadth of these rectangles be 
' diminished, and their number increased ind^nitaly, the in* 
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wexSbei figuro AKB^I^C^MD'NS^B, md. the cireamieribod 
figuro A A"B"B'C''C^ 1 >"I)'B''EF tiB ttiamsfcel/ e^iil 
For tel A/be equal to 
ibe greateat breadth 
of the rectaugles, and 
complete the rectangle 
A/, then this parallel’ 
ogram will be greater 
than the difference be* 
tween the inscribed 
and the circumscribed 
figures. But when 
its breadth is dimi- 
nished, it will be less 
than any assignable 

S mmtity, and, therefore, & fortiori, the difference between 
16 inscriboil and circumscnl>ed figures will be less tlmn 
any assignable quantity, and, therefore, they are ultimately 
equal. 

22 . Whmi fjj continually inemms or continually decr$a$c 9 , 
a$ X increases^ the value of the integral w bcitceen thote of it$ 
quadratures. First, let fx continually increase as x in* 
creases, then the integral is les-s than the first quadrature, 
Art. 18 ; for let a/ and x" be any two successive values of 
X, tlion one of the terms of this quadniture is — of). 

Now, take a value ar, between x' and sxf\ then Uio term 
in question is replaced by 

— y) -h — ar,), 

which is less than the term just mentioned by 
—f»x) 

a quantity which is positive, since /a?" is always greater 
than /y; therefore, the effect of increasing the number of 
terms is to diminish the quadrature. But as the number 
of terms is increased, the value of Uic integral is more and 
more nearly approached ; llierefore, the integral is less than 
the first qi^xature. 

Similarly may it be shown that the integral is greater than 
the Bec<md quamture* 

The same reasoning may be applied when the funciioti fm 
coDijBiially decreases as x increases ; therefore, in either ease, 
the integnJ has a value between those of its quadratures. 




18 mimm, 

88# Th$ (tf tftl^ra^ i» f ^ which ii6Xim its 

form from the initial letter of the word Sumnm, or Jum. 
The integral of a function of a rariable k wnttmi 
ffm.im\ where the limit of the difference between two sue- 
cemive values of sc is represented by dm^ which is, therefore, 
differmtiaU or diminished without limit; and/js.<fj» is the 
general form of the limit of any term of the series in Art. 7, 
and is also differential. 

$i4. The limit* of an integral arc the two constant assigned 
values of the independent variable h^ and in Art 7. The 
greater and less of these values are frequently designated 
the Buperior and inferior limit respectively. 

25. When the limits of an integral are expressed, or 
defined, it is said to l>e definite; when they are not defined^ 
intUfinite. In the first case, the integral is said to be taken 
lutwemt limit*, Tho usual way of expressing this symboHcalljr 
is, by writing the superior limit alK)ve, and the inferior below# 

tho symbol of integration. Thus, / is the integral 

^ 0| 

of /», botweon limits A, ond h^. % 

20. Tlte value of the integral w indejmdent of the differ- 
enc«$ of th* indeftendent variable in the quadrature. For the 
limit of tho quadrature is, by Art 14, an exact quantity, there- 
fore it cannot depend on Uio values ... .t?,, nor their 

differences, which may be altered arbitrarily. Also, it is 
evident tliat the integml does not involve any other values of 
X, except and A,. 

fxdxss / fjsdty where a k 

hi * % ' ^ " 

any other quantity than x. 

27. The *tm of definite integral*, the inferior limit of each 
being the euperior limit of the next. If the series in Art. 18 
were continued to the right, to the term in which x ss 5^, 
the limit of this additional part of the series would, by the 

preceding definitions, */* • Also, the limit of the 

whole series, including the addition^ part, would be 

. d». But ihk whole series k the sum of tbit written 

in Alt. 18 , -f the mippoaed addittoiMl patt Hetmei 
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Simiiarlj, 

y;**/* «»*-/,*;, A . rf* + /;.*7 'a ■ + ... + 

f » . dx + f fm . dx. 

Si8. i4w Inkgrnl betiremi fimit$ U t}t4 difference Itehreen (m) 

t 0 Xm$ of the name function. Bj Art. 20, / /m dw i« indch 

petidcfii of all lb<? values of x. except ana Therefore 
this integral rnnj' l>e put equal io I ' some function 
which contains no value of x except b. and h^. Hiinilarly, if 

the form of this function lx? general, that i», capable of repre- 

/ ' 

fadxsss 

Aj 

F (A., b^). Ifoncc, from (1) Art. 27, transposing, 

fyx.dx^r{i,,.b,)-v{b,j,,y, 

blit f ^ fx . dx involves no other value of x than b. and b,, 
./A, ‘ ^ 

Therefore b^ disapfieam from the lust equation, which, conse- 
quently, may bo w ritk u 

f\x.dr~ r«,-KA,,; 

/ A- 

fxdxsst-^ / fxdx, 

29, By Artfcle 26, the value of tbe integral ia independent 
of the differences r, — — 4 p,, kc.^ in Art. 18. We may 

therefore suppose those aifiTerences all ^ ao that 
(#1 -p 1) ^ 4 ? as \ — b^. Then, by Art 28, 

limit of +/•>?# *+■ *“ +/**?. ^fb^lz 

The number of terms in the parenUietia is » -f 1. New 
fappose^ first, that the fm Is aiwats positive ; and let fdf 
be Its gmlest, fef' its least value hetween (he Ummt 
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lSi«B // h greftt«r tnd /«" lew iim any other of the 
termi in the pamthesia. H«ice {n + !)/«' is greater, 
and (fi + l)/v^ ia ioss than their sum ; 

♦*. (fj Hh 1) » le > Fi — (n -4- 1 JdP<Fij— F h^\ 

or, putting (« + 1) le == i; 

i/e" < Fij-FV 

There must therefore be one or more values of m between ar, 
and hgt for which hf x ^ Fii* But this intermediate 

value of a must also be between ij and since may be 
taken as near as we please. Therefore the intennediate 
value in question may b<^ expressed by i, -f di, where B is 
some positive projwjr fraction. Hence, since wc have sup- 
posed -f h, wo have the formula 

A/(4, + 6 h) = F (i. + A) - Ft, =/*■+ V* • 

The same conclusion would be arrived at if/x were sup- 
posed to l>o always negative. Hence the formula is true 
when fm is either always positive or always negative be- 
tween the limits and b^ -4- h. 


llje following is a geometrical illustration of tho 
formula h f (b, -4- d h) = 


/ 


b,4-h 




fx dx. 


Let fx represent, as in 
Art. 19, the ordinates of the 
cune &b, and x its abscissa, 
measured from 0 along 
0(f; ee as b j, o</ « bj -f b; 

cd sas h. Also be =as f b.; 
<ids«f(^-f h). Then the 
/*b*4* b 

areao^cdsEs / fxdx. 
Jh, 


Now the formula asserts that 


between be and ad there is some intermediate ordinate repre* 
seated hy/e in the figure, and by f (b^ + dh) in the formula, 
such that /> X cd am area abed, a mepoeition whksii, ikeia 
geosmtriom coneidendioiiSt is evidently true. 
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SI. A FmtetMm t* ih$ diJ^rtHtial eoefieimi of it$ Inuprol 
Ditidtn^ hj kt the leeidt in Article ^9, 

Taking the limit of both sides of this equation, when k has 
the limit zero, 

sss differential coefficient ofVh^, 

W the definition of a difierentiai coefficient. Hence is seen 

that ISTEORATIOK 18 THE OPEIUTIOS INVEllSE Ot DIFFEBBH* 
TUTIOJ?. 

8^2. The integral of ike tiiwi of nereral functiom betwemt 
given limiU = the $tm of the integrals of the several func» 
lions between the same limits. Let tho several functions bo 

of (/,*,+/,««+/,«a + im 

</* = limit of (J^x^ +/airj +/a »3 + 


limit of +/,x, +/.«, + 

Aiimg, dx + “ 

limit of {(/,«,+/,*! + ... +/.*i) +(/i«'i +/»*.+ ••• +^»,)+ 

*c- + t/i». +/»«’. + — +/.*.)} »= 

+‘^>* + - 

3S. A eoManl muU^dM Irg the inUgrai tffumiion heheim 
giwm UmU$ s the miegral ^ the function muU^ied 
ooneUmth^smnthe estmUsttki. l^cbetheconetant Th^ 
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oj'^ 'ft d»sKC Umit (/», 4-/ir, +/», + ... +/y it 
« (by Art. 15) limit of (</*, + eft, + c/x, + ... c/b,)Sx 
asy^ 'f/* . dx. 

84. To thow that j ’y d* + f 'xidy ea li,e, — 6, , (f 

1 ^ hi a /unction of u, and haw thi pafuet c^ , c,, when u has </w 
oaluii ft-, renpcHiieltf y., Wng successive 

?alu<M of tho fauction y aaa w,, n., u. oi u. we have, by 

Art. 18, ^ / 

/•ft, 

y*, 9 ~ (“« ~ “j) + 

y, (“» -«,) + ...+ y. (i, ~ «.)} 

r'udytx limit of {«, (y, - Cj) + 

4/ 

(^3 - Vi) -f ... W. CV. 4- ftfl (<*2 -yn)}> 

Bj^ adding together ibo quantities in the { }, it will be found 
that all in each lino except ono appofir in Uio otlier line witli 
contrary signs. Hu that the sum in <|uestioa is reduced to 
fta<*a — llonce 

%' f, 

?15. The couciu&ion of Art. 81 may be arrived at from geo* 
metrical cousiderations, as follows : 

Let AB Ik} a cur>’o re* 
furred to, Ojr, aa 
axes of co-ordinates. Let 
OC a= ft, , OD sc ft, . 

Then the area ABCDr= 

j>- 

In the nme my, if 
OK««e„or-«,. the 


V 
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Theiefere^y^**jr </# *® figure AFJSBCD m 

recttugle AO — » rectangle BO wzh^e^^ b^e^. 

36. Jo (Utermine f da. In the first equation, Art. jiO, it 
is not necessary that fa should be rariablo. Let it * L 

ph. 

Then limit of (ia -f -f ... -f ^ar) ca J ^ dx. 

But, evidently, the left iumd side of this equation 


37. If a and y hs /unctions of mch othsr, $o that 


f'J^/nda (ft/dj/ (1), and» = i whonyi 


' then fxdx^^ydy. 

For let (Art. ^J8) tho first of these integralH =x Fa? — Vh, 
and the second = — <t> c. Then 

Va — Fb a <J>^ — . e>r. 

Let a become a + ia when y becomes y 4- iy- Then 


¥(a-^ ia) --Fb^^iy iy) - <I>r. 


Subtracting tho last equation from this, 

r(a ^a) — r.r = <t»(y 4- h) — 
F(a^is)--ra ^(y ■¥h)"^^y 

or 

Kow this equation is true, however small ^a and iy may bo ; 
therefore, the limits of Wth sides (corrc8i>oridi»g to tho limit 
aero of ^a and ly) arc equal ; or, by Art 17, 

or (/»;. 

whence, /a da a» Py dy. 
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88. T 0 pri>v 0 that if fxdxssspydy, and a he equal to 
and when y k equal to and reepectivehfy then 

f^yacix = 

For let ryjmdx =5 / ^*^ydy -f f *^^ydy, 

4/ 6j 4/ fj 4/ 

Uien, by tbe last pro{>osition, /a? 5 = ^ 5 ^ -f 
Bttt by the hypothesis 

*/ fj 

for this last integral is the limit of the sum of a series 
of which the terms ore all absolutely ziero ; 

59. From the preceding article follow many important re- 
lations among definite integrals. For instance, let a = or; 
tlien Cj,-faa=^^, r, -f o = />,, dy^dx; . . /a? = ^ » 
f{y — «), and the formula becomes 

f^y^-")<h= / %y<iy— ry y*dt. 

4 / Of ft — « 

Now in UlO first of these integrals wo may, by the Corollary, 


Art. 26, write y for x. Therefore 

fyf{»-a)dx^jiy~y/Kdx cd 

Similarly, 

f^fix + a)dx ^.f^y^fxdx (II.) 

fy~*'f(h,^x)dm^m jy/xdm (III.) 


Patting oast# and ae # ^icewiYdly. 
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Putling^as — ' .,,{\\\) 

%/ hi %/ ~* h^ 

And generally, if a? ==; >j^y, whence y xk dx = ^*ydy, 

(V,) 

40. Indefinite Integration. Wo liavo shown that if 
fanction can bo into^tcd l>etween any Hniits a and* 
its independent varialde, the iuU*grul is of the form F (a) — 
r(6). There is a large chiss of functions which cannot bo 
thus integrated between all limits, or (»f which tho general 
integral cannot be found. Tho first part, however, of tho 
science of integration, is conlined to tlie investigation of 
general integrals. Oar object is, therefore, to find tho form 
of the function F, which represents tho result of the inte- 
gration of the function f It is not nocessary for tliis pur- 
pose to find Fa — \'b, hut, simply, Fa*, from which Va-^Vb 
m&y bo found by substituting a and b snccosHivi’ly for a*, and 
subtracting. In the following chapter, therefore, Fu: alone is 
required. 

CoBOLLARY. It follows that Uio formula of Art 34 may 
be written 

J^ydu -f u <iy = uy, orjy du ^ ny J u dy. 


41. ]>ifferentiation of Integrals. 

From (a) and (^), Art. 37, it follows that 


£ 

dx, 


y fxdx^fx^ f j’ fjrdx\ or, writing a for x^ 
If ax 

~ corollary (Art, 20), 

^y’Vxrf* = /a. Also, 
d pa ^ d r* h 

tJ. /'■'* = -/*■ 


From the first of these equations, it appears that the 
difierentiation of an integral may he performed under the 
sign of iBtegration. 
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SECTION IV. 

rUNDAUEMTAL ISTE0KAL8. 

To itUtgraU a’dx vhert a u a potitivt JiniU quantUy. 
B/ Art. 16, putting *, a: ij + i*, ar, = ij + UI*, Ac., 

a« 6, + 4- (w + 

/ a ax 

Jh 

« limit of -f a^* + 2)Ar ^ + 

*a limit of -f ... 

na limit of a^‘*^** 5 

as limit of (1.) 

— 1 


Now the (juailrature of which the limit is here to ho taken 
is finite, sinco all the quantities are finite. By Art. 252, the 
inlegnil of such a function as a* lias a value between those of 
the two quadraturos, from wliich it may be obtained. But 
the quadratures evidently may here he finite quantities with 
the same sign. Therefore, the integral between them is not 
xero. nor infinite. 

It follows that in (1) the limit of — la some exact 

a*'^ — I 

funotion of a. Call it A. Then taking the limit of (1) 


A (tf*** — a^*»)« Also, f a!’ ds laat Aa*, 

If A l>6 such a Ihnction of a that A ss 1 when a has some 
ffdx - 
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VI 


Alao. fa'da * 'rfx *» s'*** “ ' * rf(l«g , • • *) 


^ . elogi®-* ^ 


log* o 


log, a* 


djB 


43. To inUffraU . Lot m tra r*', and when ^ « c, c^, fg, 
let xmib, ^g, respectively, lliea 

X — — €^ 


but 


X’-^brsi J ^ dx, and — f' as# dy, 


by Art. 30, and the last article respectively. Hence by 
Art. 37, 

dx dy\ — = dy. 


Therefore, by Art. 3B, 

Sh ^ J el' - <■* = log. - log, 

since if x = y = log^ x. The indefinite integral is 



log, a:. 


44. To inUgrate of, a t« a /iniU conHmt and x 

tariablf. 

Let y = or Iog^5^ = (a+ l)log^x, a haring any 

real value except — I ; when y = c, or or c^, let xsah, or 
4^, or 4^, respectively. Then 

log, y — log, « = (« + 1 ) (log, X — log, h). 


y </y 

By the last article, log^ y — log^ ^ y * 

ftnd (o + 1) (log « - log, J) » (o + 
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Then by Art. B7, ^ 1 = (a + 1) ; 

dos 1 

.•. Jy S= (a 4- 1) ««+•; — — rfya=<ie.«*. 

' 'a 0+1 

Hence = r^T /* = r^-r (<’« — O 

J h^ O + 1 i/ f, rt + 1 

as (c/^* — Also, / s= 

ci-fp-* t/ a-Hl 


45. John Bernouilli a s<?nV«. By repeated integration 
by parts, and Arts. 87 and 44, wo have, 

fix 


Xdx^Xx^ X 


dx 


fix 


s=Xa? — 


x^ dx 

M dx 


+ /' 


y x^ d^ X 

^ 




SSS X4P — 


‘i rf* >J.!i </at“ ,/o y.H dx' * 


c= ilc. 


s= Xr — 


x^ dx 

1 'dx 


■r* rf- X 


~ 2.3.4...n rfi» *■ 


On the second side of this equation all the quantities are 
taken between the required limits x and 0; since each is xero 

for tlie latter limit; X, ~ ... being supposed to be 

always finite. 

If the last term of this series become zero when n is 
sufficiently increased, we have 

rx . X^dx X d^X ^ . 

/ XcfxssXa !— — -5 h iTTJ-T ••• M infimtum. 

o dx dx 


By Art. ^i9. 

*/(«*) '/*«<*• 
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do 

Hencet a criterion that tbe last series may bo coutinned 
ad infinitum, is, that become zero when n is suffi- 
x'* r/** X 

ciently large, or that then « 0 for all values 

of X between the limits x and 0. 

46, € is the base of the Napierian loffarithms. By Art, 4‘2, 

(i.) 


.•./€-"rf* = -/e-"rf(_*)=-e-' (2.) 


Therefore, in Beniouilli’s scries (Art. 45), if 


X 


d\ 

dx 


d^\ 

dj^ 


= do. 


Hence the scries becomes 


r 

k' 0 


'dx 


= [*+■- + 


‘4 . a 


+ 


For all values of x in this series the criterion of Art. 45 
is satisfied, so that the scries may bo continued ad infinitum. 
The first side of the e<juation by (‘2) is equal to — €''* taken 
between limits 0 and x, or « — (e"" — 1 ) 

- (e-^ - 1 ) = |ar + ^ I . 

Dividing by and transferring one term to the second 
side of the equation 

^ . x^ X* 

«*= I + * + - + — + ... 


In this equation put x ss 1. Then 




TbereforSt < is the base of the Napierian logarithms. 
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810 s limit of 

{8io(ft,-f -f 8itw(ii + 2^4?) + ... + sin(Ai + n -f 1 . 

vhere s=: 4- (n -f 1) 

By a known trigonometiical fomula, 

coe (A — B) — cos (A 4“ B) = 2 sin A Bio B. 

Therefore^ putting B a= 1 

U Bln (i, -h sin ^ « cob (A, -f 4 da?) — cob (6, -f | ia) 

2 sin (d, 4- 2 ^a?) sin ^ = (cos d, 4- J ix) — (cos d, + J ^a?) 


“Adding these equations, 

2 Bin I {ftin {h^ 4- 4- sin {b^ 4- 2^ar) 4- ... 

4“ sin (/>, 4-0 4-1 ^;»)} 

= cos {h^ 4 - J ^ x) —. cos (d, 4- w 4- j 
= cos (/>, 4- J $x) — cos {b^ 4- I ^ar) ; 





limit of 


c os (6, 4- l^a r) — cos(dj 4- J ^af) 
sin I ix 


lis . 


Assuming the demonstration given in the fubeequent sec- 
tion on K^tiBcation of Curves, that the limit of | 

Bin I ^ar as I when has the limit 0, we have, 


’sin mdm «§ eos d>i eoad^. AlsOy^y^siii »dm «»«• m a. 
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/ ^h 

008 mdjp 3B limit of 

r»| 

{co6 (^1 4- -f COS (5, 4- 2 ix) -h ... cos + w -f 1 la?)} lof, 

Twhere = &, -i- (h 4 1) la?. 

Bj tlie trigonometrical formula 

sin (A 4 B) — sill (A 4 B) = 2 cos A sinB; 
wo have, putting B = J I a? , 

2 cos (^», 4 la?) sin J la? as sin (A, 4 J lor) — sin (A 4 J ^^) 
2co8(i^, 4 2 lx) sin i la? sa= sin (A, 4 |la?) — sin (A 4 J lx) 


2 sin i lx {cos (A, 4 lx) 4 cos (A, 4 2 lx) 4 

cos (A, 4 3 lx) 4 ... 4 cos (A, 4 w 4 1 lx)} 

= — sin (A, 4 I lx) 4 sin (A.^ 4 lx) , 


cos xV/x =s limit of 


• • /'" 

Jb, 

sin (A„ 4 i lx) — sin (A, 4 J lx) . . , . 

U £ i . A lx = sin A» — Bill A„ 

sin J lx « • 

putting limit of J lx -4 sin J lx = 1, as in the last article. 
Also, f cos xofx = ein x. 

This integral may bo obtained immediately from the pre« 
ceding article, for 

y^coaxdx aas— X^d^^ — X^aa; 

(by the last article) cos — x^ «= sin x. 
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^ . muadx , cosxdx , 

49. To inUgrat^: r — and — r- 5 — . Since 

^ co3*;r 8in^« 

^ sin xdx s= — cos .\d cos x ^ ^ sin xdx^ 


/ '*%\\\xdx /^dcosx 

cos’' X J COS’ X 

m.^hnilarUj, / ' = _ -J. 

J 8111 .a: Sin 


COS’ X cos ;i? 


by Art. 44, 


51. To inUgrate (1 -f- tan'a:)fl?;r. 


„ , 8in‘';rr/u; smardfcosa? , 

lair xdx = — == 5 = — 

COS' X cos* X 


, , dcmx 
if v = sm X and du = — — 

*■ /n 


by the last article n =— , also dy zsz to^xdx. 

cos X 


Now, by Art. \0,J ydu = >/?/ — / i/r/y. 


/ • , , 8111 X r cos J 

tan® xdx == — / 

cos X */ cos 


OS xdx 


tan a? — X. 


Thei*cforo,y (1 -b tair.r) dx ^ x -f ./ tan® xdx = tan x. 

r>’4. SifHdariy.J {\ -f colair x) </x will be found to be 
— cotau X, 

or /(I 4- cotan® = 

-/{l + tan' (^ - x)| rf [ -x) =- tan( ^ 


(as lias been just proved) =r— ootan jp. 
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68. To intsgrate If ^ not zero, 

_J_, = -Lf-J L.Y 

-a* 2a — a jp - f a/ 

^ da da 1 /* 

‘ — a* ““ 2a^ .p - a 2a^ aj ■+■ a 


Now, dx ^ d{x a), 

/' /»</ (x — a) 


•■• fiF^' -k (•' + '*)} 


1 ;c — a 
jTT^a’ 

If a? be less than a, tlie logiirithin just found is the loga* 
ritlim of a negative quantity; and is, therefore, impossible. 
In order to express the iiitcgnil in n ffossible form in this 
case, put 

dx __ dx ^ I f p dx ^ p da * 

J — a* J a* — )ia \,J a X ^ J a q- m] 
= “ Frt ^ '"® •“ i Vtx 


54. To integrate 


(*" ± a’)* 


_ - , xdx 

Let tfy = (/x -+• — 

(x’ ± o’)* 

r mda 1 , 


fjih^ “ s/^*’ - 

SB! (*’ ± a’) (Art. 44). .% y = * + (** ± <*’)' . 

c 9 
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Also from (1), 


ds 


Hence, 


(*’±a’‘/" ' ' y (*"±a’)‘ 

dm 


./ (a;’ ± ay 


55. To inugrau- 


dx 


where, in order that the 

x {dr 'T. ^ 

denominator may he possible, a is greater than a?'*, if x* be 
affected by the negative sign. In Art. 54, write - for o, 

■! for X, and, therefore, ^7 . dx for dx. 

X X* 

rr« /^’-x'dx /* dx 

1 i,e„ ^ = - «y 

= log, {«-■ + ± «-•)» ]= log| ^ ^ , 

=iiog 

• ' X ix^ ±, a‘ )* ^ o -f irt’ ±i x"^) • 


(since the logoritlim of any quantity =c — the logarithm of 
ita reciprocal;, 


I — _ .j. „ tog a, 

a ^ + (a’ ± x^)* « • 


of whicli expression the last tenn ~ log^ a may be omitted, 
ns it disappears when the integral is taken between limits. 

56. To in/fgrafr ^ — -- : where a > x. 


Let dm » coiydy. Then (Art. 48), 

» B» siny. (1 -. »•)• SB eoi^, 
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U 


•. p. xs ss ^ =ss sln~' X. Hence. 

df ~ 

p dm _ / * ft _ 

./Fr5F = /„(,_|y=/(,_jy 


Sin'"* ~ — ros”* ~ = — cos“* - if bo included in 

a 2 fi a 2 


the value of the integral at its inferior limit. 

57. 7\) in tea rate r- Let '“-^f**? = 8iu vdu. The 

a')* X- 

integral of the first side of this equation is ~ t>f 

necond — cos y; . . wo inav therefore put - = cosy. Henco 

* * m 

— ^ dm d »/ sin y 

s= sin y, and / — — = / : = 

m " ,/.i? . ( 4 ?* — a*)» a am y 

^ /i y ^ - 1 

- hi u z=. ~ z=: cos ~ = - see * - • 
a^/ ' a a x a a 


58. To inteqratf 


(^*4 <14? — 


\^Zax — X')‘ J {<i‘ — (a — 

a — X . ^ . . m 

= COS'”* Art. 5t>) = versm”** . 

a a 

^ ^ . dm _ 4? 

50. To mlffirate -r ; . Let - = tan y, 

-f m- a 

dm = a(l -f- taii^y)(/y (Art. 51), 

. C-JJL^ « / ^(l “f tan>)</y _ 1 
‘ ;/ a* -f J «“'(! + tair yj aj ^ 

*« ~ tan"** ~ • 
a a 
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Collecting the results of this Chapter, we hare the fol- 
lowing 

TABLE OF FTINDAMENTAL INTE0EAL8. 

/ » ft* AETtCI.ll 

a'dx=:-, 42 

log, a 

n * , 

i gf r except « = — 1 when, 44 

»/ n + I 

= 

nm a .(I w ^ — cos .r 47 

cos = sin a: 48 

r±±d.^^ 40 

%/ COS^ ,C CO« X 

/ 'coa X . } 

= : — 50 

siirx siux 

y' (1 -f tail‘d X) f/x = tan X 51 

y (1 -f cotuif^ x) dx = cotan x 52 

/• dx I , X •— « . 

/ _ — „ log — _ ^X>a) 

t./ X* — a- 2rt X -f <i 


1 - « — x 


^ dx ^ 1 «. ^ 

J *(«‘±X’‘)* ~ n +(a»± i-) 

n dx . . X . jr 

/ T-r^ n « sm** - , or — cos"* 



foxbaioehtal mmankiA * 


/ ”-T~5 TTi = *” ^ ~ 

/ dx • -I * 

= verem-* - 

(*4ax — a 

a* H- ;c^ a a 


m 

57 

5B 
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00. The foregoing intcgnils are all found in terms of loga- 
ritliraic, exponential, and circular functions. Tables may Ih> 
obtained which contain numerical values i>f those functions 
computed to any required degree of accuracy. Therefore the 
values of these iutt'gnils may bo completely determined. 
Similarly, other integrals which can bo reduced to any of the 
forms in tho preceding list, may bo completely determined. 

01. The operations of integration consist chiefly in reducing 
integrals to those fundamental forms. In many cases, how- 
ever, this reduction cannot be eftecled by known methods. 
Where it is impracticable, resort is lia<i to methods of express- 
ing integrals iti terms of convergent algcbrai<‘al scries, or in 
terms of elliptic and other functions not contained in tho 
preceding list, but which have been partially tabulated. 

For the present, liowever, attention will bo confined to 
those integrals which can bo reduo<*d to the forms investigated 
above. The methods of ctTecting this reduction may bo 
classified os follows : 

1. Integration by Algebraical Transformation. 

Integration by Parts. 

i\. Integration by Formula) of lieduction. 

4. Integralimi by National Inactions. 

5. Integration by liationalization. 

Of each of these five methods a brief account will be 
given in the following sections. 
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SECTION V. 

.. .KORATION at ALOEBRArOAL TRANSFORMATTOX. 

68« Tnr 0 method, of which instances occurred in Arts. 54, 
56, Ac., consists in finding for the expressions to be inte- 
grated algebraical equivalents which arc of the forms of one 
of the fundamental integrals, or aro the sum of quantities 
having any of those forms. The requisite transformation 
is effected by substitutions and other processes, for which 
no general rule can ho given. It is only by coutinual 
practice and expcrienco of the effect of various transforma- 
tions that facility in the successful application of this method 
of integration can he attained. One or two examples are 
appended, but for an adequate* knowledge of the subject, the 
student must Ihj referred to larger collections of examples of 
the Integral Calculus. 

04. Every polynomial of the form (« bjo ex'' + ...)" dx, 
may bo integrated in iinite terms when 7i is a [positive integer, 
end the number of constants «, h, c, finite. For the poly- 
nomial may be ^li^ed to the power n ; the result is tlie sum 
of ft finite number of term"! invohing only intcgnil powers 
of X, and each term may he integrated separately. 

fir>. For example f\a -f dx = /\rt^ 4- ^ahx^ IPx'^dx 
x' ‘ x^ 

= <rj: -f 4- Ir 

00. If tlie function to be integrated lan l>e expressed 
as the product of two quantities, Fx, and d¥ x, or more gene- 
rally (Fx)*, and dVx, it may he always integrated. For if 
Fx l>o put s= y, the expression takes the form y’^dy, of which 

the integral (Art. 44) is j . 

67. For example,y'(a -f -f cx^) (5 4-2 cx) dx becomes, 



68. A0SA,J'Oog, (log. »)• rf(log, t) 

(log, 




•f 1 


/'_iiiri_ 

j (•’ + 1) 


r rf(«-) 
./ I + . ' 


sss 



</(l -f o 


=:-.l0g(l + .-). 


70. All the pre('cding formulas for intogTala of fuuoUona of 
z m&y be extended to like functions of a -f bz, by putting 

a ^ hx s= X, bdz dXf and dz « ~ dX. 

0 

In this manner it will bo found that 


dx ] 


1 a -f A jr 


/ jgA + ft4r _ 

b log, a 

! (a ^ bz)* dx « “ — except n = — 1 

j sin (a -f ^ cos {a -f hx) 

y . [ 

cos (a -f //jt) fix = ^ sin (// -f- bx) 

{I 4- tan* (a + hx)\dx = ^ tan (a -f /yjtr) 

/" -f cotan* (a *f </ 4 r = i cotan (a + . 

71. A similar extension of formulie for functions of 
dt **, to like functioos of ^ -f -f cx*, where a, and 
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€ arc positive or negative, may be cflfected by the following 
transformation : 

a + l>x + cx‘=c^^ - + <p)|=c(A+y’), 

if ^ = A, where A may bo positive or negative, and 

b 1 j 

^ -f 1/, /. dx = eft/. 


Hence it will be found that 




dx 


rt -f 4x -f e;i:' 


^ r 

e J + A 


I , i/-~(-A)l 

(- A)‘ 

(A negative) 


Art. 53, 


1 1 

= — r lau' 

c A* 


]L 

A* 


(A positive), Art. 59. 


A 


dx 


-f Aar -f i'X )' 


i 

cKf (A + yf 


I 


{y + if -H ^)*] (<• positive, 


A positive or negative), Art. 54. 

= ; — sin * 7 — (A and c negative), 
Art 50, 

(impossible if A be positive and c negative). 
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SFXTION YI. 

INTEGRATION BY FARTS. 

7J3. A FORMULA has been given, in Art. 40, of which very 
extensive use is wade in integration, and of which applies- 
lions have been already given in Art. 15 and 51. This for- 
mula, called the formula of integration by parts, is 

f' udv = ur — f Pilu. 

Any differential fuiictiou of one independent variable may 
l>c pul in tho fonn »dr. if, then, fvdu can be found, y udv 
can also be determined by tho preceding f(nTnula. 

75. 7o intffjrate x log^xdx. Let log^ j? = «, whence 
— zs. du (Art. 43). Also let xdx = d\\ whence 4 

X 

(Art. 41), 

• J x\o^x xdx = J'udr ’=.MV ^ y 

1 . /* 1 .. dx 

= n 

= X- log, X - J x' . 


74. To inUgraU xi" dx. Lot t'dj? = r. Then i* « r, 
Art. 4 1 . Al»o, let X =: M ; dx ss d w, 

Jxddx =s f udv tsz uv Jvdu = jri' ’•^fddx 

= XI* — 


x" dx r . t AX ax 

(T^xy" 

(/(l— 4t ) ^ (Art44\f!— ! Alanlnl M = ljl 


%x dx 



wxwBOi eitemjBt. 


Tbe formtiU gim 

/ a* dx lx I ^ dx 
(i— **)> “ 3 1 -*’ ~ 2 ./ 1 - a- 

1 X ^ I p d» 
~ 2 r'-l 

76. To intimate dx (a* — o?^)*. Since 

p -^xdx p\ d[<v -- 3^) j 


y * --‘Xdx /*1 ala'' — ar) , , . 

ri -Ti = / ; ^ = « - « )*» '>y Art. 44. 

(a^ — ;i?)* J — ^ ^ 

Therefore, </(«’ - *’)' = 

Hence, integrating by part?^. 

/ dx (a- •— x'f = a‘(<r — x*)^ -f / — 

(rr — X‘f 

= ,r(«’ - X’)* 4 /'-£^ _ 

= x(«^ - xj 4 «’ 8iu-‘ ~ ■ 

^ ^ a J {a^ — jry* 

consequentlj, transferring to tlie first side of the e<juatioii 
the last meml>er of the second side, wo have 

^ dx (a* — ivy — “ («’ — ^*0' + ^ 

77 . To inUp^t 0 xcmxdx. Patting J' cos xdx sss mn x, 
w© have y« cos x<f jc 5 = a? sin x — ^/sin xdx 


s xsinx -h cos*. 



nmttiAxiox n tAixs. 
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YS. To e’cxmofdjp. Peiforming the eperetion of 

integration bj porta twice, 

/e- cmjtdx 9SS ^ con X sinxdx 

=s f*006 «4- t’aina? conxdx* 

Transposing and dividing both sidei of the resnltiug oqua« 
tion by 2, 

con Mdx = I e* (cos x -f sin x). 
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SECTION VII. 

FORMUI^ OF REDUCTION. 

79. By Formulie of Ileduction, integrals involving powers 
of functions an* expressed by integrals involving higner or 
lower powers of the same functions. These formal® are 
obtiiined by the }>rinciple8 of integration by parts and alge- 
braical transformation. 

8U. For instance, the integral of ar^cosar may be made to 
depend on a function of a?"*" ‘ ; the latter, similarly, on a 
function of x" and so on continually. If m be a positive 
integer, and the process bo continued a sufficient number of 
times, the last integral is that of cos x or sin x, which have 
hecn found in Art. 47 and 48. 

Integrating by parts, 

J cos X ^ x”* sin X — m / x’**'"* sin xdx 

sas x"* sin X -f xT cos X — m . frt — 1 . / x"^*cos xdx 

= a?"’ sin X -f cos x — w . m — 1 sin x — 

wi . m — 1 . wi — a jr*-* cos x + &c. 

the positive and negative signs succeeding in pairs. 

For instance, let m = 4 

x^ cm xdx s= x' sin x — 4 sin xdx 

= jr* sin X -f 4 . x^ cos x — . 4 cos xdx 

at= sin ,x* -f 4 , cos X — ;l . 4 4r sin x 4-8.4. 2/* smxdx 

so X* sinx 4“ 4 x*' cos X — 8.4.x’ sinx — 

8 . 4 . *4 . X cos X 4- 3 . 4 . . 1 sin X. 

81. The preceding integral is an instance of a general 
formula which is an extension of John Bemouilli's aeriea. 
By the same method as that by which Bemouilli s series was 
oUained (Art. 45), we have, if P and Q be functioiis of x, 
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and Q', Q", Q'" ... successive differential ooefficienis of Q 
with respect to jt, and 

P, =/prf#, p,=/p,<i», P, =/p,</*, &c. 

/pQrf* = Qp, -/q'p.rf* 

= QP, - Q'P, +/Q"P.rfx = Ac. 

= QP,-Q'P, + Q"P,-Q"'P, + Q""P,- ... 

8'2. To integrate x'" e', n being a [X)8iuve integer. Here 
Q =r Q' = nxr-\ Q" = « . « — 1 . 

Q' ' = W . « — 1 . W — d'C., 

Q<-> = « . « — 1 ... 2 . 1, P = t", P. = P.J = e', d'c. 
Therefore, 

s= -f w . n — I , x"~"c' — ... 

qp M . ?< — I ...2.1 .y dx 

= €' (x" — -f « . n — 1 . — ... 

qpw.n- I ...2. 1). 

The formula of the lawt article hut one is inapplicable, 
except where tho successive integrals P,, Pjj, P, ... arc simple 

quantities, and Q**^ such tliat./ Q"P,r/x may bo found. This 
will not generally be the cane for function.s involving froc* 
tional indices. Such functions may. howtjver, be frequently 
reduced by combining integration by parts with algebraical 
transformation, as in the following example: — 

H 

To integrate (a* — n l>eing an odd integer. 

In tlio formula for integration by parts 

J'udtf =s tte — S^du, let (a* — x*)i = u. 

Then — nx (a^ — x*)* dx ^ du ; </r « dx, 

-x*)i x4- — x*</x ... (L) 
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Now* 

Integrating this equation, n J(€^ — x)t f/ar =; 

na^J'^a^ — </aj — nj'{a^ — arVa; ... (ii.) 


Adding (1) and (2), and dividing both sides of the re- 
aolting equation by n + l> 

^ («• — a ?’)** dx = + 

By this formula of reduction, the integral is made to 

depend ultimately onJ{a^ — x'^y^dx, which has been found 
in Art 50. 

' (lx 

84. To integrate . In Uio formula of integration 

\a? 31 a y 

J udv == UV — fvdUr put t’sra:, U c= . 

(x^±ay 

, iivxda 

,\du =— -z—x - r ..V, ■! * Then 

(ar^ ± a'y^ 

p dx X p dx 

J (a?^ ± a^y {w'±a y (a?* ± 

~ (*’±<1’)' (*’ ± rt*)' ■*■ ■ 

Whence, txanspoaing, putting /> + !=:»/, 


/' c/d? 

7 ^ ± a^f 

aXa?^±a^)’-* - $i« - 3 ;?y (^* ±a*)—‘* 

Except idien n ns 1. 
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When »i is a positive integer, this formula of reduction ro- 

^ =s tan^* - (when 
a* has the positive sign). When has the negative sign, 
the ultimate integral is 


n, , /' (A -f* Bar) dx B n(^x -f ^2h)<{x 

85. To inugrau / 7 -i — — a = tt / r-i — ?. — ~" 

* J {i» + -f cY (y -f ^hx + cr 

+ <*-”‘>./'(?TT(TTJF = 


(Art. 44, except when « = 1 ), 

— B 

2 («- + c)"-' 

-ji» 

U (« — 1) (a?‘^ 4- y 


A — lih fJli 

2 w — • ( c ~ P ) { ( X -f * -f (c — ‘ 


2 n - a 
2 « — 2 



(A - ^ ^ 


by the last article, putting x -f 5 for x, and c — 5* for a’. AJl 
the constants may be fKJsitive or negative. 


AVlien n =c 1 , wc have from the iirst equation 
article and Arts. 43 and 59, 

* U’ + 26* + c) 

X x' + atx + c 2 -1- 


Ut iui9 


— B5 X -f 

f j»n * - 
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SECTION VIII. 


lUnOKAL FBACTIONS. 


R6. A rational integral /unction of a is the sum of a finite 
number of terms which involve only positive integral powers 
of X, and those as factors. 

R7. A fraction rational with re$pcct to x is a fraction of 
which the numerator and denominator are rational integral 
functions of x. 

HR, The jmrtial fractions of a given rational fraction are 
those rational fractions with dilTerent denominators of which 
the sum is equjd to the given fraction. 

HO, If the numerator of a rational fraction, cleared of 
negatire indices of x, he of higher diniensions in x than the 
denominator (ic. contain higher [)owers of ,v than llio de- 
nominator), the fniction may bo rediu cd to a rational integral 
function, -f a rational integral fraction of lower dimensions 
in the numerator tlnui in the denominator. 

For if a rational function of x, -f -f ... be 

actually divided by another such function of lower dimensions 
in X, Aa?r -f lix*^^ -f ix^^ -f- ... (p and g being positive 
integers), it will be found that the quotient consists of tenns 
with descending positive integral powera of x, commencing 
with the index g, and ending with the index 0 : and the 
remainder, after division, has terras with only positive inte- 
gral powers of x, commencing with the index /> — 1, and 
ending with Um index 0. So that 

-f -f -g ... ^ 

-f ... 


A|«« 4* B, JU’-* -f 


4- 


ax^^ -f hx^^ 4- ... 
Xjr** •+■ ... 


where tlio c<>efficients a, B, ... a, 6 ... are to be determined 
in the couxac of the process of division. 
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(H3. The rational function A, a?* -f ... is imme 

(liately integrablo by Art. 44. So that for tho conipU^tti 
integration of a rational fraction, all that is rtM[aircd is to 
integrate a rational fraction of whicli the numerator is id* 
lower duueusions than tlic denominator. 


91. If in any rational integral function of x, he as- 
sumed to l^ve the value bx-^c, the /unction becomes linear 
(i.e. of one dimension in x). For jr‘ =: x- . x = (hx 4 - e)x 
by the hypothesis; = ^ 4 ?’ -f cjr, which ngaiti. by the by 
pothesis, is equal to h{hx -f c) -p cx, which is linear. 

So, likewise, may :r^ &c., be reduced to a linear form. 

So that atiy rational function of x takes the linear form 

a .r -}“ f?, 

when bx c is substitute^l continually for x\ « and p being 
quantities not aitected by y/ — 1 • 

1/ the preceding aX (1), then a = 0 and 0ssz(). 

For the original assumption x^ = Aj? -f r, gives x =: 
4 (i -r dr)*}, and « == J {A — 4- 4 c)*}. Therefor© 

equation (1) i» required to be true for tiro different values 
01 X (except when 4c =—//*’); call them x^,x,^ Then 


ax, + 

a Xjj 4- ^ = 0 . 

Subtracting, a (jp, — x.^) = 0 , = 0, since x, — x.^ is 

not zero. 

Substituting «=:<) in either of the equations last written, 
we get fi = 

93. To show that real quantities^ A and B, independent of x, 
may he found such that 


if>x 


Ajf 4“ B 




(1) 


(x^ — ^'X — c)" ^Irx (x’ — bx — c)" 

where <^x and ^x are rational integral functiorm, atid do 
not conlain x^—-bx^c os a factor, ;^fx a rational fraction, 
and n a positive integer. 

— (Ax 4 - n)^ftx _ ^ ^ ^ 

(*» - i* - c)‘ f x' 

Now, by a principle proved in the theory of equations, any 
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rational integral function of w contains <-*&«*-* c as a 
factor if the function » 0 when a?* — . — c = 0. 

The numerator on the hrst side of (Ji) is n rational integral 
function of x. If. therefore, real quantities A and B can 
be determined, bo tluit this numerator =0 when 4f*— — 
csssO; then the numerator is divisible once, at least, by 

C. 

The quotient will he a real rational integral function 
Then (2) becomes 




= 


(a) 


(ar^ — bx ~ c)’*""' 
or i» a rational fraction. 

it only remains to be .shown that A and B are real quan* 
titles, when determined by the condition supposed, namely, 
that 


iftx — (Ax -f B) =: 0 ... (.1), wlien x’ — — c = 0. 

It has been shown by the last article hut one, that when 
a?’* — c = 0, or X' =: 5x + e, </>x is reduced to the linear 
form -f /9, and ^x to a similar linear form ax -f- 0, 
where a, arc real quantities ; therefore, (4) takes 

the form 

ax -f iS — (Ax -f B) {ax ■+ /5') = 

or, multiplying the quantities in parentheses, and putting 
X* =: 4x -f r, 

otX -f* — A « {bx 4* c) -f* A X 4" B («^x* 4' ®® 0, 

By the lost article the coefllcient of x in this equation is 
zero, and the quantity independent of x is zero, or 

a — A(a^6~^') 4- Ba =a C, 
iS — A aV 4- Bp' = 0. 

(Kxcept, as Im* fore, when — 4c = />% when (x* — Ax — r)** 
(x — i 5)^*; see next article but one.) 

It is clear that the values of A and B found from these 
equations are roal quantities, indefiendeut of x. 

From (1) and (3), 
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94. Supposing tho last fraction in this eqimtioti in ii^ 
lowest terms in a?* — — r, we have, similarW, 


<t),X 


A^x -f B, 


(x* — hx — r) yfrx — hx — c) **' 

, 

— c)* 

and so on. Therefore, generally, 

Aaj “f B 

(a?* — — f)” yfrx (.c* — 6x — r) 

A,x -f B, A^x 4- K 


fpx — C ^47* 


^ (Of* — ^4? — r)"“* r 

where S>4r is a rational integral function of x, 

95, To shf>w that a real quimtity^ (\ imiependent oj A 
may be found $uch that 

(*-«)">x~(4:-a)" 

where <hx and >lex are rational integral functions of x, ^ 
rational fraction, ti a positive iiitc'gcr, (pa not zero, and 
not zero. 

<px — i'^x 


(4J — a)* ^x 
tpa 


= \x 




Let C = - (which in hnit** bv hviKithcHis). 

(ha 

Then (bx : ypx, the num* rator of the fraction on ihr 

ya 

first side of (T), is zefo when jr — o is zero ; and, therefore, 
is divisible by x — o. once at h asl. 

Then (*2) becomes 

(j. ay ^^x 
From this equation and (1), 


= XX. 


ipX 


V 


4>iX 


(x^ayipx (x — ri)* (x — «)• *^4? 




li Q 
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90. If the last fraction in (ff) be in its lowest terms with 
respect to 47 a, the numerator does not contain and 

^ja is not zero. We, therefore, proceed as before, and put 

</>i^ _ C, <t>iX 

{x — a)"“’ (4? — a)*"”* {x — a)*~* * 

and so on. Therefore, ultimately, 

£ ^ 

( 4 ? — a)” ^4? {x — ay (x — (i)"”* ^x* 

97. In the forrnube marked (a) and (0) in the lost article 

and the preceding, rospcctividy, the numerators ^x, ^^x, 

Ac., have been Bupp)scd tiot to contain tlio simple or quadratic 
factor expressed in the denominators. If, however, either of 
these numerators hap[>en to contain any number of times 
a factor of its denominator, reduce the rational fraction by 
division by tlie factor (hat number of times, and proceed to 
reduce the resulting fraction into its partial fractions. 

98. If the quatUities t',, ... represent quadratic, and Vj, 

V, ... simple factors, wo have, by the last two articles, con- 
tinually reducing the rational fractions into partial fractions, 

^ 

ijV'... V V/'* 

Ax -f II A,x -f H, Axn, -f B«, 

A' X + IV A/x, + li.' A',^x + B'«, 

+ u,-. •"■*■■■ u.; 

+ *c. 


c c, 

V*| V**-' 

C«i, 

, + — 

^ 1 

C' C', 

4^ .i,. j. 


^ V ^ V * 

’1 ^ a 

... + 

4* Ac. 
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90. In resolving rational fractions into partial fractions^ 
the greatest difficulty occurs in those cases in which there are 
quadratic denominators of the partial fractions, and their 
numerators aro therefore linear in x Whci^, however, the 
partial fractions have only simple denominators, there aro 
no (A)8 and (B)8, and the numemlors (€) are easily found 
by either of the following methods. 

(1.) Clear the equation of the last article of fractions, hy 
multiplying by the deiioinituitor of the first side. As the 
denominator is supposed to conUiin no quadratic factors, it is 
equal to and therefore is of rn^ -f *f ••• 

dimensions in x. Therefore, when the equation is cleared 
of fractions by multiplication by this denominator, there are 
terms in the second side of the resulting equation of (;a, -f 
4- — 1 dimensions in x. The new equation contains, 

therefore, (m, + ...) difTercnt powers of x, and (equating 

coefficients of those jiowers) there are therefore m, -f -f 
equations to find the m, -f m., -f ... quantities (c). 


Examplk. — T o resolve 


a:' — a? 

into partial fractions. Assume 
I C 


. X -f I 1)' (x-f 1) 




C, (■ 

— p — A ^ ? — 


Clearing the equation of fractions 

I = C (x* — 1) -h C, (x -f 1 ) 'f (J?" - ‘2 X -f 1 ) ... {u.) 


Equating coefficients of x\ 0 = c 4* C, 

„ „ of 4?, 0 = r, ~ iic, 

„ of 4^. 1 = — <; 4* c, 4- i^'r 

Adding these equations, wo have 1 =: iiC, , C, =* J. 
Substituting this in the second of these equations, wo have 
sa and therefore, from the first equation, C s® — 


dx \ p dz 

jt’ — jr* — i + l” 'ij » — 1 

I n da 1 1 , ^ • 


1 p dx 

u (* - 1)' 

+ j log {*+!)• 
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(2.) The numerators of the simple partial fractions may 
be found by another method, which is frequently more con- 
venient than that of equating coefficients. In the equation 
cleared of fractions, give * successively the values which make 
each of the (V)g zero. Then, in each case, all the (C)s 
disappear but one, which is therefore determined. 

For instance, in the equation (a), in the last example, put 
X s=z I, Then (n) becomes 1 = C, . 2 or ^ = C,. 

Put a? = — I. Then (a) bt‘Comes 

1 = . 1, or C, = i . 

100. Ily this method of siihstitution, it is clear that as 
many coefficients (C) are determined as different simple 
factors of the denominator of the fraction to bo resolved into 
partial friiclions are ma<le zero. But when this denominator 
contains higher powers than tho first of any of its factors, 
there arc more ((’)s to be detenninod tlmn tlicre arc different 
factors. For instance, in the example just considered only 
two differenl fuctitrs x — 1 mul x -p 1 cun bo made zero, and 
therefore only two out of the three (t'/sscan be thus found. 

To determine the remaining (< )s, ditYerentiuie each side of 
tho equation equivalent to (o) in the last eviimplc; for since 
that equation hobF for all values of x. the difTerential coeffi- 
cientH of tlie two sidi^ of the equation arc equal. 

In the new equation obtained by dilTcroutiation, put the 
factors = 0 successively, and so obtain more values of {C)8. 
Then, if necessary, dinereutial© again, and equate factors to 
zero, and so on continually, till all the are found. 

For instance, in tho last example, differentiate (o'), then 
0 + 

Put^=:l. Then 

0 xc C . -f C,, sinco C, = I , c = — i . 

101. Wo will take, as another iustaiice, a fraction to b© 
resolved of which the denominator contains the third power 
of a factor, and which therefore requires two successive 
diffei^ntiations. 

^ C C, C, c 

— 3/ (ji + !iy* J' — -2 (4! — 2)* — 2)' 4f + 3 
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Clearing this equation of fraetions, 

a + 1 a= c (jc — d)’ (* + »)- + c, (» — a) (» + 8)* 

+ C,(»+3)* + e(*-2)*(* + 3)+f,(4._a)* (a.) 

Putting » JB a, 9 *s Cj . 25, C, =a ^ 

10 = f,(-5)\ f, = -^. 

%} 

Now diffeaentiate (a). 

4 ^ = C {vi(« - U) (jj -f 3 )* + (« -f n)} 

4- C, {(^ 4- -f ii ~ 2 ) (or 4- 3)} -f C, 4 - 3) 

4- c{3(jy — 2 )- ( 2 ? 4 - t\) -r (JJ — 2)’} 4 - ... (A.) 

Putting4fr=q — 05 .• r, = Hiiioe C’ » — - 


aiuco Cj 


5)' -f r, 3i5) = r(>- 5)'*- 



Differentintn (//), retaining onfy terms uhich do not vanish 
when 4? = ; tlion 

4 = C 2.U4-3i' 4-C, {•.<»jjp4-3)4'y(^*f 3} 4 * 

4? being supp>s^.tl = ‘-v^ ConHequcntly, 

4 = c,2.rr + r,a.,5 + 5, + ac,. 

4^ 1 } 3 2 ^ 0 

(X — 2)‘ (x’+ 3)’* y(i — ^ 5^4? f 25 U 

3 hi 

5* 4" 3 ) 5* (x 4 * 

as may be verified. 

102. Where the denominator of the fraetion to be reeolved 
contains quadratic factors (and eepeciaily where each such 
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factor is trinoraial(=: — — the difficulty of resolving 

the proposed fraction is considerably increased. The student 
will probably be inclined to think that considerable labour is 
saved by the following method, if he will compare the amount 
of work which it requires for a difficult example with the 
amount required for the same example l»y other methods 
which have been proposed. 

Assume the proposed fraction to equal a series of partial 
fractions^ as in Art. 96. Clear this equation of fractions, and 
so obtain an equation corresponding tofu) in the examples. 
In this equation make each quadratic factor jt® — bx — c = 0 
(i.e,, substitute h.r -f c for x\ Then the equation may 
be reduced to the linear form a-r -f /$ = 0 (Art. 91), and 
a = 0, ^ = 0 (Art. 9*.^). From these two equations the A 
and B corresponding Uy the factor — hx — c may be found. 

This method will give os many different (A^ and (B)s 
Qs there arc diffi'rent quadratic factors, successively made 
zero. 

If there be more (A)s and(n)s (/.<*., if any quadratic factor 
appear in (a) of higher jwwer t han the first), differentiate (a), 
and in this derived equation make all the quadratic factors 
zero suecessively, then, if necessary, differentiate again, and 
in the second derived equation make tlie factors again zero, 
and so on continually, till all the (A)8 and (U)s arc found. 
The (C)s, if any, corresponding to simple factors, may be de- 
termined from (rt), and the derived equations by the method 
already explained. 

Let US take, first, an instance of the simplest case, that of 
quadratic factor, which wants its second term, and is therefore 
binomial. 


_ . x^dx 

\M. To inugrate i). (^ 4 

^ Ax 



c, 


*»as(A* + B)(*— 1)* + C(jr» + 1) 

Fmt, to determine the (c)8 bj the method of Ait. 08, let 
«»1, I ss C, . 3, or C, sE 
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Differentmting («), and for brevity onhj ttmn 

which do not vanish when a; ss 1, vc have then 

3*’ = C(a;’ + 1) + C, 2jr, 

where = 1, ConsequentJy 3 = C . 2 + C, . 2, or 



Secondlij, to find A and B by the method of the last article. 
Make the quadratic factor zero in {«); i.e. put — 1 for a?* 
continually; (a) becomes (expanding (jr — ] )*’ and putting 
iP* r= a; . = — x) 


— j? = (A a? -f B) ( — 1 — ‘iu? -f- 1 ) 

= A — ‘iBx (putting — 2 Ax^ == A), 

0 = 2A — (2B — 1) ;P. 


which is of the linear form required by Art. lU. By Art. 02 
the coefficient of .c in this equation, and tlic quantity inde* 
[lendent of x are each zero ; . . A = 0 ; 2 B — J = 0, or 

"=!■ (7377(^1.1-) 


1 1^ 1 I \ 

« jr" + i z — 1 ^ (z — I )" 



X^ tlx 


tan~ ’ .r + log (x— I ) — 


1 J 

2 X — 1 ‘ 


Next take a cane in which all the opemtionn for resolving 
jiartial fractions are requin’d, and the quadratic fa<^tor ia tri- 
nomial, and raised to a higher power than the first. 


104. To inWirnte 
fraction = 


X* 4- ‘lx — 2 

AX4-B AjX-fB, C 

^ -p 


z' — X 4- I 


Assumo tho 

C. 


ix’ 


X4* I;' ^ ~ 1 («— ly 


4 . ... 2 = (Ax 4 . B) (x’ - X 4- I ) (^ - 1)' 

4. (A,x4- B,) {x — -h C (x* — X 4* If 1) 
4-C,(x’-.x4‘ 0*- («•) 
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Pirftt, to determine the (c) 3 , Art. 100. Put irassl , d«c,. 

Differentiate, retaining only terms whicsh do not vanisk 
when ar = 1 , 

a? 0 = C — JT -f 1 )* Cj 2 . (‘2 ;i? — 1 ) (4?'* — a? -f” 1 ). 

where a: = 1 , r> = c-f 2 C = 1 . 

Secondly, to find the lAH and (B).s, Art. 102, put = - 1 

continually in (a): (a) becomes (x — l)-f =(Aj«-f Bj) 

(x— 1 — 2x -f- 1 ) = (A,x-h B,)(— • x) = — • Aj (x — 1) — BXp 
or 0 Hss 0 -f A, — x^A, + Bj -f 4), whence Art. 92, M -f Aj *=0, 
or A| = — .‘h Also Aj -f Bj -f 4 = 0, . . B^ = *— 1. 

Now differentiate (a), retaining (for brevity) only tenns 
U'hich dtt not vanish uhen — x 4- 1 = 

iix 4- .‘J = (Ax 4- B)(2x — l)(x — 1)'^ 4- Aj (x — 1)^ 

(A,t + — !)• 

when X* = X — 1 . Making this bubnlitutiou continually, 
to bring the equation to a linear form, we have, since 
l/=-x, 

2x-f = {-^A (x- 1) — Ax 4- B (2x~ 1)} ( - x) 

2 AjX 4- - A, (x — 1) 4- Bj 2 (x— 1) 

= (Aa7 4- -Mix — 2A — B)(-x) ~ A,x4- 2B, x — 2A, — 2Bi 
0=— iJx — a — (A 4- •^B)(x — 1) 4- (‘aIA 4- B)x 

-(Ai-2B,)x-2Aj-2B,. 

This equation being of the required linear form, make 
the coeflicient of x and the quantitv independent of x each 
= 0. Art. 92. 

0=:-2 4- A-B- A, -f 2B,. A-B = !. 

0 = — 4* A 4- 2B-2A,-2Bj, A 4" = - 5, 

Bss — 2, A = — 1. 

Hence the proposed fraction is equal to 

X 4- 2 3* 4“ I 1 2 

— x4‘l (x^ — X 4- 1)* X— 1 (X— 1)** 
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Art. 85. 

l)r/jr -3 


J (^■^- 


i) ?u 


‘2^-1 


(x^ — 4 ; -h 1/ (X'* — X 4- 1) 53 3(x‘— X -h 1) 

r> 2 , 2x - 1 

4- n • — 7= Uin“‘ r:^* Art. 85. 

•i y/ a V 

y '* fix I ^ 

7 r-p = r • Art. A4, 

(x — 1)- X — 1 


-,/■ 


dx 


x' 4 3x - 2 


4* 


(x* — x 4 I )' (x ~ I )* (x'^ ~ X 4 I ) .<• — 1 


25 ‘^x - 1 , X — I 

- ivr. - V3“ + (T-i:^T‘iy' ■ 
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SECTION IX. 

RAT [ON ALl /ATION . 

105. TnF. lost nielhad of reducing functions of one variable 
to integrable forms 'svhich we have here to consider, is the 
method of nationalization, which is a system of algebraical 
substitution, by wliich, for an irrational algebraical function, 
is found STi equivalerit which is rational, and therefore 
inU^gmble by the preceding section. 

lOO. J rational function has a rational differential coeffi- 
dent, Kycry mtional function of ^ may he reduced to the form 
a -{• b z ■+■ c c' -p , , , k z** 

and it is clear the difTerentiation of this quantity cannot 
introduce fnictional indices of c. It follows, that if ;r be 

dx 

any mtional function of --- is a rational function of 

•’ az 

Kupposi', = .</*, where Rj is a rational 

function of r. 

107. A rational function of a rational function of x is a 

rational Junction of x. For if </>, t\ both indicate rational 
functions, fx involves only integral powers of x, and 
involves only integral powers of fx: . . involves only 

integral powers of x, or is a rational function. 

108. A universal method of rationalization cannot l>e given, 
as many irrational expressions are reduced to rational mrms, 
hy artifices peculiar to the cases in which they are applied, 
liut the most general principle of rationalization may be 
stated as follows : — 

Suppose tbai the expression to be rationalized is a rational 
function of an irrational function (I,) of and of a rational 
function (R,), m that the expression to be rationalized ia 
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where f indicates a rational function. Then assume, if 
possible, X equal to such a rational function of a, that 
Womes equal to a rational function (R,) of z. Then also, 
by Art. 106, c/j* == R', Also, by Art. 107. R, = R^. 
another rational fnnetion of z ; 

/(I,, R,)<fA? =/(R., R".) R',c/^. 

But f iudicatcH a rational function. Hence, by tho article 
last referred to, /(H,, is nitional in e, or 

/(!„ n^ldw is reduced to a quantity which is rational, 
and therefore integrable by the methods of tho preceding 
section. 

100. To rationalize R. ( — — - ^ ^ da", where R,. is a 
\ 4 " / 

rational function of z and ;//, n positive or negativo integers. 
This is a particular case of tho last article. 




a — < 1 , 5" 


( 1 ). 


a^x -j- * 

or X is a rational function of z. Then by thb lust article. 

„ , , / aar -f A 

H = I, -L 1 — 

\a^Jp -j- A, / 

and so the whole of tho proposed expression is rationalized. 


1 10. To rationalize (a'jr -f //y* (aai -f bydx, where one of 
tho three quantities 

K, or 4- •' in a jmitive or negative integer ... (U.) 

In tlio ox{»res8ioii proposed to bo rationalized in tho 
last article, put -f l/)\ where t is a |V)sitiro or 

negative i?iteger. 

Put a, ssc a\ A, = //. Then the expression becomes 

(a'jr + A')' * (ax + b)’ dt, 
which majr be written 

(a’x + b'T («* + >>)’iix. 
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where m 0 ^ ^ integer, or (£i) is satisfied; and bj (1), 
a'x + b'~^ 

Next, lot = (a' a; + 6 ')\ and in 1 ^. let a, = 0, =s 1 . 
Then tlio expression rationalized becomes 


" {a' m -f by (az 4 - b)*dz, 

which, again, is of the form 

(az -f (a a + b)' dx, 

where one of the quantities fi or v h an integer, and tho 
condition (*4) is satislied. In tlii.s case (!) in the last article 
becomes 

-f /> = a ss (4) 

a ^ 

III, To rationaNzf a^{aj^ 4- />) " dx. 

A . I ’ -I A’ 

Put x^ s=3 r, A. ".x^ dx^dx, and the 

7 

expression proj>osod to bo rationalized becomes 

1 — I 

- X * ^ (ax 4- by dx. 

7 

This can be ratioimlizcd by the last article, whenever 

Zi 4. I is an integer, and, therefurd, — an integer; 

7 7 7 

or q- 1 — 1 4. an integer, and, therefore, — 4* — 
7 7*^* ^ « 

an integer. 

The FiT 9 t Criterion of ratiotmlizaiion of 

m 

4^ (a4S* 4 “ by </d?, 

n 1 1 I 

that l>e a positive or negative integer, when 

7 

f since =s x Wo have to assume aw* 4 - A » bj (4). 
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M I m 

The SicoHd CriUrhn of rationalization is, that - — 4- ~ 

g n 

be a positive or negative integer, when wo have to ansiume 


^ b 
jcf* 


by (JO- 


112. The method of Art 108 may l»e extended to several 
irrational functions 0’\ ... if it be possible to assume 

a such a rational function of s, that these irrational functions 
of a become equivalent to rational functions of z. 

For instance, if the irrational function of x be 


where m, n, i<c., arc integers. 


Put 


a -f bx 
-f 






(ix rational in « ; and so tho whole expression rosy lie 
rattonalized. 



64 


IKTEGKAL CALCULUS, 


SECTION X. 

IKTEOUATrOK OK l-TNCTIONR OF SEVERAL VARIABLES. 

11.1. We hftve liitherlo consideroJ the integration of funo* 
lions of 011 I 3 ' one independent variable. The magnitude of a 
quantity may. however, depend upon tlie magnitudes of several 
other quantities, each of which is susceptible of independent 
and separate variation. 

For instance, the cubic content of a right cylinder de- 
pends on two independent magnitudes, the altitude and the 
area of the base. Each of these magnitudes may 1^ con- 
sidered to varv’ independently of the other, for we may 
conceive the existence of any number whatever of cylinders 
with equal bases but difTerent altitudes, and of any numl>er 
of cylinders of equal altitudes but difTerent bases. 

Again, the content of a rcctJingular pnrallelopiped is a func- 
tion of three indej^ndont variables tlie lengths of Uiree of its 
edges. The content of an oblique parallelopijwd is a fonction 
of live independent variables, namely, the lengths of thfeo of 
its edges, and the inclinations of two of them to the third. 
The weight of a solid is a function of two independent 
variables, its volume and specific gravity. The lime of 
vibration of a perfect j>endulura vibrating in vacuo is a 
function of throe independent variables — its length, the force 
of gravity, and the extent of the oscillation. 

114. Definition. The Quadrature of a finite continuous 
funcUtui of several independent variables having a limited 
range of values, is the sum of a series of difierent values of 
the function, each multiplied by the differences between the 
corresponding values of till the variables and their next pre- 
ceding or succeeding valtuts. 

115. The Multiple hxUffral of such a function is the limit 
which its quadrature has when the differences of the inde* 
pendent variable approach zero, and their number infinity. 

i These definitions are cxtmisions of those of Articles 16 
i 17.] 
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116. Let f{z, jf» IT be a finite continuous function of 
any number (N) of indej>endent variables. Suppose «, values 
given to z, values to y, valucH to jr, Ac. 'fhen the 
total number of different values of the function will be the 
total number of different combinations of «, -f -f -f ... 
different things taken N together. 

Let Z, z, \% y, X, X ... bo the superior and inferior limits 
of the several variables. If X Ik^ understood to l>o the 
abbreviation of the words “ sum of terms of the form of,” 
the quadrature of 

X. r, .V, *. 

where Br, 6^, 6r, ... indicate differences between surces* 

sive values of the variables. Also, 

limit of lj{z, y, x, tt b z , . fix . ... 

(when i//, fiw ... approach the limit zero), is equal to 
the multiple integral of J {z. y, x, w ...) between the limits 
Z, z, Y, y, X, X ... This multiple integral is written 



... fiz, y. X, w z fly dx dw . . . 


the sign being repeated as many times as there are in- 
dependent variables. 


117. MtdtipU integrals Jouml by succen$ire integrations. 

Let x^, Sy, ... y^. Ax,, bo successive inter 

mediate values of the variables t«‘twreu their limits. Also, 
let bz. ... by^, by,^. by^ ... Ac., denote the succeasivo 

differences of the values of the variables. The integral is 
the limit of the sum of terms of the fonn 

*r •••) ••• 

Fint. The sum of the terms in which z alone has dif- 
ferent values, while the other variables have ibetr ffnt 
values, is 

{/{*.’ yi. +/'*,- *1 

+/(».• yi.*i ... 

of which the limit (since here z alone varies) is equal to 

pi 

limit of «jf, >x , ... / /(», jf,, *, ...)dx. 
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ThU integral being taken between limits, involves only 
those limits, which may be functions of a?, y, ... or any other 
quantities whatever. But the variable intermediate values 
of a disappear (Art. 20) from the integral, which, therefore, 
takes the form /, (y,, being omitted. 

Secondly. Add all the terms in which z alone varies, y 
having its second value, ;r, a? ... as before their first values. 
The limits of the sum of these is 


Z 

/{z, ...) dz 

* 

: limit of ^ ... ...). 


Similarly for the terms is y,. ^:c. The sura of all 
those is 


{/iCVi* ^1* •• )^.v, -f /CV m .Vj, ioj ...)«y. 

+ /0Ja^ •'‘i. •••) -i- ...} ... 

of which the limit is (by rcast)uin^ with respect toy similar 
to the preceding with respect to z) the 


limit of fixj . d iTj . 







= limit of diTj *•')* 

y being omitted from 

Continuing tlio q)roces8, x, successively disappear 

by successive detinite integrations; and the fimd result, or 
;^equired multiple integral, is tli^ result of as many succes- 
sive integrations as there are independent variables. 

Hence, where there ore only two independent variables, 
if r be the last of the independent variables, this result is 
of the form 


frrfr o:F(R) — F(r». 
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where there are three independent variables, 

/(t, »/, t) dzdpdx 

[/ ' I/. 

And, generally, n multiple integral i$ formed by inte- 
rating the proji*osed function with respect to one varinhle, 
%s if the others were constant: substituting the limits of that 
variable; integrating the result with resjfect to another rari^ 
able^ as if the rest were constant: substituting the limits, 
uud so on, till as many integrations have been performed as 
there arc independent variables. 

118. Order of integrntuai indifl'erent. 'J’he sum of any 
uuml)er of quantities dtas not deja iid on tlie onb’r in which 
they arr odtled. Hence in the aummation t»f the quadmture, 
the terms involving different values of any vuriahlr may 
he Urst collected, and the limit of ihoir sum involves an 
integral with respect to that variahh*. 'I horefons the vuri* 
fible with respect to which the first iiitegnition is performed,* 
is inditVerent. ^5imilar reasoning apjdies to the other in- 
tegratioua. 

CoKOLlJkBY. 

119. The cuhature of solids affords a very complete iilustra- 
tion of the foregoing princiides. 

Let seOz, xOp, yOs be three nlanes perpendicular to 
each other: and let ABC be a solid l»ounded by 

the curved surface* A BCD, by a rex-tangle ac in the plane 
#Or, by two piano# \l, Dc |>arallcl to the piano yOz, 
and two planes Ad, Be parallel to the plane jeOz. 

Consider now the baie ac of the aolid divided into any 
number of rectangloi, repreiienud by dotted lines in the 
ffgure, and on these re<tangbs, as Wsc#, let rectangular 
peirallelopii^eds be described, of which the aides cut the upper 
aurfiuDe A DC D in the curves shewn in the diagram. 
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If y. * be co-ordinates of any point (P) in the curved 
surface referred to rectangular axes Ojt, Oy, Os, the relation 
between a, t/, z may bo expressed by an equation 

.r = / [X, ^). 

in which z in supposed to ho finite and continuous ; 

and p(j = jr, 0(/ = f/, Vp = z. 



Let Vp be the altitude of one of tbo elemcnlaiy parallelo- 
pipeds, and Sp the length and breadth respectively of its 
base. Then the solid content of the parullclopiped is the 
product of these quantities, or =/(a:, y) ix 

Let x^, Xy. 

.Vp .Va 

l>e corresponding succcssivt^ values of the co-ordinates* and 
^x, ly, the common diffenuices of the successive values of 
X ani y respectively. Then it may be seen that the solid 
Ac oontiunB parallelopipeds, of which (reckoning them in 
rows parallel to ab) the solid contents are 

/(*»• /(•*»• 
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AIbo, as will bo proved horeafutr, the more the numU*r 
of these parallelopij>eds is increased, and their length and 
breadth dimmisbed, the more nearly is their sum equal to 
the content of the solid AC. If the limits of the sums 
of the contents just written be taken in rows across the 
page, the result is 

limit -f y) -f 


If. however, the parallclopipeds had been reckoned i»i rows 
parallel to the longest side of the i>age. that is. parallel to 
ab in the diagram, the limit of the summation would be 





And since both results represent the sumo solid content, 
they are equal. 
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SECTION XL 

Ql AmiATTIHE OF CFKVFJJ. 

L20. The Integral C’alculuH in applied lo the rectification, or 
determinutioii of the Irngths of curves ; to the quadrature, or 
determination of arean of curves ; the complanation of sur- 
face$, <»r detemiiuntion of their saj/erjicim ; and the culntture 
oj HoUds, or detemiinatiou of their volumes or contents. 

lliL Tho nu'tliods of determining Quadratures and (,’u- 
biitures are readily demonstrated by principles already kid 
down, liectiiication and Complanation depend on geometrical 
theorems, hereafter given. 

It hat* been shown, Art. 10, that if .r and r/ be the rect- 
angular co-ordinates of aity jKjint of a plane curve, X, Y, 
and X, y the eo ordinate.s of its extremities, the area ineduded 
by it, and straight lines from its extreiniticH parallel to the 
axes of X and p respectively, is given by tho formulas 



where it is suppo^ed that 
j* and y are always fHmtive 
and finite, and to neitlier 
is asSvsigned more than one 
value corresponding to any 
value of the other, between 
the limits X, Y. x, y. 

1*42. Quadrature of the 
('ircle. Let r be the radius 
of tbo circle; x, y, its co- 
ordinates at any point re- 
ferred to the centre as ori- 
gin of co-ordinates; then x 
and p are connected by the 
equation. 
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or® -f y" = r«; 
or, y =s (r^ — a?-)*. 


j^ydx r=L P [r* — A?")* </;tr 

= (r^ - + /-— (integrating by 

'' > ^J{f- 3? f parts), 

Now / (r® — ar ) = (#•• — x 

+ ^ r _ / • *•’ - *' 


The last integral on the second side of this equation is 
lenlical with the integral on the first side. Therefore, 
‘ansposing and integrating the remaining integral by Art. 50, 



— x^-') dx = ^ x(r’ 


x')* 4" \ sin'** ^ . 


If OcrsX, And 0/>=sax, WO have to take this result 
etweoii limits X and x, to find the urea Air; 


. Aht = 4 X (r^ -- XO* — J X (r^ — 

i r ' sin ‘ -- 4 r* tin““* — . 

r ’ r 

If it were required to find tho urea of a quadrant, B, 
I would Iw? sup[>osed to meet (> v, O-r, res^n ctively, and thero- 
ore X a= r, xaaU. Therefore, since »in~‘ 0 (or Uie angle 

f iriikh the sine is <i)=:0, and sin"* I r= ^ , 

quadrant = ^ r^. 

Therefote. area of whole circle Tmirr^, 

123. Area of ElUj^f The cquatmn to the ellipse referred 
0 the ini^r axis, and a line at right angles to it at iu 
Extreiiutj aa axes of oon^rdmates, is 
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y -St A — ar")*, 

€L 

where a is the semi-oxis major, and h the semi axis minor. 



When a? =s= 0 iho preceding expression vanishes. It may. 
therefore, ho supposed to he taken between tho limita 0 
and X ; consequently, if Oil = x, the expression is the value 
of tho area PBO. 

When a = 6 tho ellipse becomes a circle, and the ex- 
pression (1) for the area becomes 

i o* c08-‘ {•Xa.x - *’)* (a) 

3 a 2 ^ ‘ 

Hence, if OP^M be a circle having the same centre C with 
the ellipse OPM, and OM, the diameter of the circle, be aUo 
the miyor axis of the ellipse, wo have, comparing (1) and (2). 

area OP'B __ o 
area OPB h ' 

It appears also from (1), that the area OPB is proportional 
to h. Hence, if any number of concentric eftipees were 
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ddficribed on the same axis miyor» the areas of them having 
the same base, OB, would be in the proportion of th«i 
several minor axes. 



The area of a quadrant of the ellipse ia found from (1), 
by putting 4? = a, lu be 

It 

4 a6 co8~* 0 = 

Hence the area of the ellipse 

1J14. Quadrature of curva rejerred to oblique co^ordinaten. 
The method of obtaining, in Art. 19, the quadrature of curves 
referred to rectangular oo-K)rdinate8, consists in dividing the 





14 




by t«etai}g)ef»» And taking th# limit which their anin 
hae when their breadth is indefinitely diminished and their 
number indefinitely increased. 

Similarly, if an area, A BCD, bounded by the curve BC, and 
three straight lines, of which BA is parallel to CD, be divided 
by parallelograms upon AD having sides parallel to CD, the 
limit of their sum is the area ABCD. Also, let the curve be 
referred to oblique axes of co ordinates Oy, 0», inclined to 
each other at an angle a. If and y be the lengths of two 
sides of one of the pamllelograms, i/sina is its altitude, 
and yhinoLix is its area; whence it is easily seen, that the 

area ABC’D == fy sin adx, taken between proper limits. 

125. Quadrature of the Hyperbola. Let the hyperbola, of 
which A is the vertex, be referred to its asymptotes Ox, Oy, 



inclined to each other at an angle a, as a.\es. Draw AB 
parallel to Oy, and let OB = c. The equation to the hyper* 
(wla is yx =s 4f\ Om = x. 

y 'x 

ydx = sin « / ~~ dx 

€ %.r t X 

== sin log — . 

126. QuadretHtr^ of the Witch of Jytun. In the last 
example, aa x increases, the area increases indefinitely: and, 
therefore, the whole area between tlie curve and the asymptote 
ik infinite. There are, however, curve® in which the area 
between an infinite branch of Uie curve and its asymptote are 
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dnite. Tli« or “versiera” of 

Dottna Maria Agtieai, is an instancr. 
Let AB be a diameter of a cirele » d, 
AC a tangent, P any point in the curve, 
AM m % ; AB. AC Wng tite aaen of # 
and y respectively. 

The curve is defined by the relation 
rectangle PA = rectangle DB. 

The equation to the cur\’e will bo 
found to be ^ (a x). 



=t a{ax — -fin* — - 

3 » 

Arts. 44 and 50. 



This ex[)re8sion is to be taken between limits x = a and 
8SS X. to give the area PBM. 

,The area Ijctween AC, AH, and tho curve, is the limit 
which the result thu.s obtaiin d has when x has the limit 0. 
This evidently is found by taking ibe expression fur tho 
integral l>etwecn limits dr = </ and u? = o ; 

required area — i— I j — cos '* 1 } J a* aw J ira^. 

Tho whole area U*.lwcten tho asyrnptot4j and the whole 
curve on inuh sides of AB. is double tho preceding, or anira*; 
and, conisequently, is four times the urea of the circle, 

1*47. Quadraiurr (ff the Ci^nd of Diodes. Tins curve, in- 
vented by Diisrles. a (iroek maihematiciaii, about tho sixth 
century, and used fur finding two mean proportionals, re* 
•embles the curve last considered in seveiml respects. It 
affords another instance of a finite area included between an 
mfinite curve and its asymptote. 

The'' ctseoid may be defined by Newton's method oi tiaeiag 
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it The arms of a bent lever are at right angles to ^h 
other, and the end of one of them slides along a straight 
line, while the other is always in contact with a wint of 
wbi^ the distance from the straight line is equal to the 
length of the first arm. The angle of the lever traces out 
the cissoid. 



IM B bo the fixed point. Then, if APssBD, and the 
end A of the lever move along a straight line, while PC 
remains in conUict with B. the cissoid is the locus of P. 


Lei AC = rt, ABas^-, PB = <^. The 
equation to the cissoid will be found to be 

jf* (a — r) = 

*_ a(a - #)*«• + »/(«- 

(integrating by parts). 


(0 — as («4r 



wlrich is of a toe which has been already 
integrated (Art B8); 
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=3 — 2 (a — 

•f 3 (I a? — J a) -— 4^)^ + i rt* vers'”* 

I a 

For the whole area between AC, CH, and the curve, it 
appears by the same considerations as in the last article, that 
this integral is to be taken between the limits jess: a and 
X =3 0, when 

fydjB = I a* {vers"* ^ — vcrs''‘ 0} = | a’lr. 

The whole area included by both branches of the curve 
and the asymptote is double this, or J ir/i* ss three limes the 
area of the circle of which AC is tho diameter. 

CiB. Polar co-ordinates. Let the jx)8ition of any point in 
a plane cune bo referred to j>ular co ordinates, namely, the 
length (r) of the straight line 
drawn from the point in tho 
curve to the pole, an assigned 
point in the plane of the curve ; 
and the inclination (d) of tliat 
line, to some fixed line in the 
same plane passing through the 
pole. Let 8 l>e the origin or 
pole, P Uie point in the curve, 

8P a= r, which is called the 
radiui vector, and 8 a? the assigned fixed line from which the 
angle Pgjfacfi is me^osured. If P be also referred to rect- 
angular co-ordinates of which 8x and By perpendicular to 
8je are axes, it is easily licen by trigonoroeiry that 

rsindssy. reosdssr. 

Suppose now tliat it is desired to determine the uctorial 
area included lietween the radii vectores at two points in a 
curve and the arc between them. When a curve is referred 

to rectangular co-ordinates x and y, the integmlsyjrd# or 
J^mdy between limits determine the area included by a curve 
and straight lines parallel to the axes. The relation between 
such areas and a sectorial area is established by the following 
propoaitioii. 
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129. Sectorial area in term of rectangular eo^rdinatee. 
Let PQ in either of the accompanying figures be the curve, 
which is taken of such length that it is not met at two 
points by any one of its co-ordinates, and PSQ the required 
sectorial area. 


(1.) (2.) 




Let SK = X, KH = X, QK =y, PiiaxY. It is evident tlmt 
FQKH = / ^ 7/ 

Also, triangle QKS = 4 yx, triangle PSH as ^ X Y. Also, 
Fig. (1), PQS -f QSK 4- QKHP make up Uie whole PSH; 

. . PQ9 = ^ (XY - 3cy) - 

Fig. (2), PQS 4- PSH makes up the whole figure, as does 
also QKIIP -f QSK. Therefore, 

« PQS a 4 (X V — xy) — ^ * Jfd*. 

Hence in both eases, PQS, the sectorial area, is^ b/ Art. 34, 
equal to 
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ISO. iStfolortal ar^ by paktr m^rdipMt^s, In ihn 

iMt article tlie aectorial area ^*as found to ba a<)ual to 
^ [J'mdy — Jydjf) between proper limits. 

Putting 4? = r cos y == r sin 

f/jj =s dr cog ^ — r sin ^d^, 
dy ac dr sin ^ r cos ^dS i 
.*. ady — pdx = r^d$ ; 
soctorial area = i/r‘d0, 

where the limits of 6 are the anglea between tlio prime radius 
voetor and the radii vectores which hound the required area. 

13 1. The MW/f rej^uit may he deduced directly from gco^ 
metrical considerations. Pivido the aectorial area hy radii« 
vectores r^, r^... between the extreme radii vcct(tres K, r, 

with 8 as centre, and at diatances R, r,, ... deacrihe circular 



area represented in the figure by dotted lines. The seetoHal 
area is less than the sum of the sectors of which the arcs are 
without it. and less than the sum of the sectors of which the 
ares are within it. The area of a circular sector, of which 
the radius is r snd the angle H, is Therefore, the 

required sectorial area is 

Jess than -f -f- + ••*) (^ ) 

greater than | (r*,77j -f -f r*,7ii -f ...) (9.) 
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where J0j, 10^... are the angles between the radii. Now, 
r is a finite continuous function of 0. Therefore^ by Art, 20, 
the above expressiona (1) and (2) have the same limits and as 
the sectorial area is between them, it is equal to that limit, or 

sectorial area = J = f j ^ rdrd^, where O, 

0 are the inclinations of R, r respectively to the prime radios. 


1B2. Quadrature of the 
ipiral, r^a sin 7i 0, where w 
is an integer. This curve has 
tin similar loops, and, there- 
fore. the whole area contained 
by it is equal to 2 n times the 
*area of one loop. 

jy'r’rf 0 s= I a\/ sin* n 0 d 0. 

Integrating by parts, 



/ sin n 0 . »in« 0 f/0 = — i cos n 0 sin w 0 -f / cos* n 6 ^/0 
n J 


~= cO8n0sinw0 

n 


-f 



8in*n0)(f0. 


Therefore, transposing and dividing by 2, we have 


/ 8in*n 

:,y>, 


0d0 



1 

n 

1 

n 


cos n0 sin f»0 


cos «0sin»0 


)• 

)■ 


From the equation to the curve, it is evident that a is the 
greatest value which r can have, and that then it is drawn 
bisecting one of tbo loops. Since r ss a when n 0 s | ir, 
and r » 0 when 0 = 0, the half loop lies between the two 
positions of the radius vector C4>rrespondiiig to those values 
of 0, Therefore, taking the preceding expression for the 

area between limits ^ and 0 of 0, 

UH 


area of half loop « i a* • 
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The ^holo area is 4 it times Urn, or s=s — , whioh is half 

the area of the cirele circumscribing the carte. The result 
is remarkable, as it is the same isbatever the number of 
loops of the curve. 

183. Of curves, such that one co onltnats has more than our 
talus for Otis value of the other co ordinate, the quadratures 
are found by dividing the curve into several parts, each 
of which is of such length that it is not met at two points by 
any one of its co-ordinates, and determining by the preceding 
methods the quadrature corresponding to each such part. 



For instance, in the nccompanying figure the ordinates 
parallel to Op have three values for each value of m l>ctwceii 
Oc and oh, where Cc, lih, arc ordinates touching the curve 
at C and B respectively. But the areas Aahli, CchB, Cc4f>, 
may each be found by the preceding methods. Also, the 
required area 

AB€X>da =a Ao^B -f hBBd, and bBOd « cCBd ^ eCBh , 
required area j= AahB CedVt — cCBb, 

It may easily be seen that the generalization of this rule 
is, to divide the area into as many parts m the curve has 
parts, alternately receding froin and approaching tlie axis 
of y ; to find each of theae parts by int^rating pdjv between 
oorrespondiiig limits; and to take the diflbrence between the 
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pum of the areas tinder receding parts of the curve, and the 
sum of the remaining areas. 

1B4. 4rea in term of the length qf the ourvf. The 
parts of the curve which recede from Oy are those for 
which a increases as the length of the curve measured 
from its extremity nearest to increases; and where, 

dee 

consequently, if i denote the length of the curve, ^ is 

de 

dx 

positive. In the other parts of the curve — is negative. 


Now, 


j^jdx = f y 38). 

If, then, /»,, ... bo the respective lengths of the curve 

d X 

from its commencement np to the points where — changes 


sign, 


r*\ dx j 0 

J. -"TT''-’’ y, 


are the comp<»nent parts of tho required area. But the 
alternate parts are to bo subtracted from the sum of the 
rest. The result will be the algebraical sum of all the parts, 

since is altenmtcly positive and negative, 
ri j? 

Therefore, the required area (s being the whole length 
of tho curve) 


dx , /*S dx , 


dx , 

•S dx 


jf y _ be a continuous finite function of s. By the natUfo 

of tho quantities g can only have one value for each value 

dx 

of $ ; and, if the cur\'ature be continuous. — has only one 

value for each value of i; so that the result of intagrating 

dx * 

i« necessarily dcBnite. 

wS 

1S5. l^egedke orimain. In Investigi^g aiwaii ef eums, 
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it bas been assumed that the coordinates are positive. When 
one of the co-ordinates is negative, the processes described 
in the preceding articles will require modification. 

Bj the principles of analytical geonietiy’ tho symlols -f- 
and — preBxed to symbols of lerigih, are iutoq)reted to 
indicate contrary directions of measurement ; so that if from 
any point in a line curved or straight a length measured 
off along the line towards one of its extremities he reckoned 
positive, a length measured from any jwint in tho line along 
It towards its other extremity is affected by the negative sign. 
But no such convention applies to areas which are considered 
essentially positive. 

If the curve be referred to rectangular ctvordinales, and y 
do not change sign l>et\veeii the liinits. and jr be |H)Kitive 

or negative. of tho same sign ns y, if the limits 

be taken in the same order ns was prt‘scnbed (Art. HI) 
for ix»sitive <‘o-orciinates ; that is, if m increase pimturly in 
j^assing from its value which is the inferior limit to its value 
which is the superior limit. This is shewn as follows : — 

J ydx is the limit of the sum of terms of the form 
where ix, the increment of #, is positive, since x increaHos 
positively , iu passing from tho infefior to tho superior 

limit: consequently, yim has the same sign aa and J ydx 
lias the same sign. 

It follows, ttot for aU the negative side of tho 

slxih of w,,fy4x is negaliv# md J ydM is positive for all 
areas on the Msitive side of the axis of 

In order, uien. to 4etermtne the whole area lamnded by a 
cuno, of which pit is on the psitiye and part on the 
negative side of the aaia of the indepn^ent tariable, the 
two parti most be determined by pepai^ integrations, and 
the negative part must be i^deg ^mtively te tho {positive 
part. 

136. "Negatire polar cth^rdinaits. In determining tlie sec- 
tofial area of curves referred to polar c<M)rdinal«s, is 

to be taken between limits such that fi increases posuimly in 
passing from its value at the inferior to it# valpe at the 
superior limit. Hence it appears, by similar reasoning to 
that used in the last article^ that, whethet* t be polUitt Str 
mgati»e»y^r^d< is posattve. 
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SECTION XIL 

CUBATURE OF SOLIDS. 

1 B7. Let a solid, AllCcdah, be bounded by a curved surface 
abed and by five bounding planes, viz.: — by a rectangle, of 
which AB, BC arc two sides, and by four planes rfA, aB, 





Be, Cd, perpendicular to the plane of the rectangle, passing 
through its sides and meeting the curved euHaee in four 
plane curves ab, be, cd, da: 

Let the ewred surface be referred to rectangular eo* 
ordinatee (jr^ y, s) of which the axes are parallel to BA* Bd, 
BC reapectivrfy, and let the surfaoe be audb that each 
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co ordinate has but one value for each value of tiio other 
eO'Ordinates. 

Draw within the solid planes, parallel to the l>oundiug 
planes and cutting off witliiu the solid, a nuraber of reel* 
angular parallelepipeds, of which, since they are within the 
solid, the total content is less than tho volume V of the solid. 

Add, now, a set of rectangular parallelopipeds (not shewn 
in the figure), within which the curved Hurfjico wholly lies, 
and which are formed by tho above-mentioned porallelopipeds 
produced. It is clear, that as these additional parallelopipeds 
are increased in number and diminished in magnitude, their 
sides approach continually closer to the curved surface ; and 
that, consequently, their volume (r) may ho diminished with- 
out limit. 

V is greater than the solid content of the first set of 
parollelopipeds, and less than that solid content *f r. 

Therefore, V lies between two quantities, of which tho 
difference may he diminished indefinitely, /f fortiori, the 
difference l>etween cither of them and V may he diminished 
indefinitely. 

Let the lengths of edges of ono of th»' pnrjilhdo[uped8 !>« 
Sx, X its altitude; zlxty its volume. Let 
denote tlio sum of the volumes of the paniUelopipeds within 
the solid V, 


V = limit of 1' t 

^ (Art. 117) 

=^J'ff dxd;/dz, 

the integral being taken between limits which depend on 
the boundaries of the solid. 

In the figure, for the sake of simplicity, tho internal 
planes are supposed to bo equidistant. 

138. Tiu limits of intr^raii^n for the culmture of a solid 
may be investigated by the following method of exhibiting the 
result just obtained. Let MM' NN' be an element of tho 
curved surface, QQ'RR' its pn^ection on the plane id mp. 
Let QQ, =: lx, QR =r lu the limit the fMilid M'R it 

a prism, of which the altitude is z and tho area of the 
dm dp ; 


dV as xdatdp. 
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Suppose the equation to the curved surface gives « = y). 

Then 

<fv =s /■//(*, y) dxdy. 

In this expression take first (Art. 117) y constant, and 
integrate f {x, y) dxdy with respect to The result is 
the limit of the sum of tlie prisms, of which the bases are 
bctwetui the parallel lines yQ', rH'. I^t .r = X and 
be co-ordinates of the f'xtrcmitics of their lengths in the 
solid ; 


/. d// r 

‘ xf X 


' zdx 


is iho analytical expression of the content of the row of 
prisma just dellnad. 

In order to find V, we liave to add together this and the 
parallel rows of prisms, and to take the limit of their sum. 
If y, y be co-ordinates of the bounding planes parallel 
to 

V /• x 

130. Solid bounded laterally by a eurt>ed iutfaee. We have 
in the preceding articles taken the most simple ease of 
oubature, that in which the solid » bounded laterally by ioox 
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planes. The limits of x and y are then the same for every 
point of the solid, and independent of each other. In this 
case the integrations are cnmparativelv easily effected. If, 
however, the solid be lK>unded laterally by curvotl aiirfaoes, 
the extreme values of x and y are no longer independent, but 
are connected by the equations to these curved surfaces. 

Iict X, X be constant quantities; Y, y two functions of tlie 
variable w; Z, z two functions of the two variables x and y. 
Then it may bo shewn that if the volume included l>etween 
the six surfaces, of which the equations are respectively 

a? = X, 4 ; = X, y = V. y y, r = Z, == z, 
bo designated by V, 

V = <Ud;/dz. 

From the equations to 
the six surfaces it will 
be seen that V is the 
volume of a solid, I><% 
bounde<i by two cylin- 
drical hiirfaees KCcc 
and FD(//, of which 
the traces are A a and 
hf* respectively: by 
two parallel planes fd, 

KI>, of which AB, 
are the intersections 
with mz, and by two i 
curved ttuifactrs ( I)d<; / 
and Ee/F. 'i' 

140. Tlyp^rhoUc jmrabf*Wid, The aquation to the surfacq 
of the byperlwlic par«l>oloid i$ xy^cz when c is a const#nt. 
The general expression for the volume l»ecomos 

V » -Xf xydydx. 

c 

Let it be required to hnd the volume contained by thia 
surface, the plane my and a cylinder of which the base is a 
circle of radius r, and the axis paimilel to the axis of x. 
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Integrating first with respect to y between limits Y, 

Now the equation to the cylinder is (ar — a)* -f (y — 6)*ssr*, 
which gives two values of y for each value of x. One of 
these values is the 6U|)erior, and the other the inferior limit 
of the integration just performed; or, 

V = A + {r‘ -(x- a)’}‘. y = A - {r* - (x - «)’}*; 

ss ih {r^ — (jy ^ ; 

V = {r’ — (a? — rt)®}* jfda?. 

The r\troin<i values of :c are evidently n-f-r and a — r. 
Taking the last integral between those limits, it will be 

. , , abr^v 

found tlmt V = 

c 

HI. Solids oj revobir 
lion are those generated 
by the revolution of a 
plane figure alanit a fixed 
axis. Let the revolution 
of a AB about an 

axis through A generate 
the surface of such a 
solid, and let the equa- 
tion to AB bo y=/4?, 
where m is measured 
from A along the axis 
of revolution. 

^ It is clear that the 
volume of the solid is the limit of the sum of a number of 
elementary cylinderR having the same axis. Let be the 
altitude of one of these cylinders, y the radius of its base; 

wy* is the area of the liase ; and that area multiplied by 
the altitude, or my^lx, is the volume of the elementary 
cylinder, llterefore, the required volume is equal to 

the limit of I ** wfy*4s. 


A 
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140. Contmt af a cone, A cone is generated by the rotn- 
tion of a triangie about one of its sides. l#ot y rss\x be the 
equation to the straight line generating the conical surface, 
where « is the tangent of the angle at which that stmight 
lide is inclined to the axis of revolution. The conletit of 
the cone as ira^J'w^djB (taking the integral be- 

tween limits 0 and x) = or the solid content of a 

cone is one-third the area of the hose multiplied by the 
altitude « one-third of the content of the cylinder having 
the same base and altitude. 

M3, Paraboloid n/ rnolution. The surface generated by the 
revolution of a parabola about its axis, is called a paraboloid 
of revolution. To lintl the solid bounded by such a surface, 
and a plane perpendicular to the axis, we must put y® aesa^r, 
the equation to a parabola. 

The required volume ozna f xdx = \ naxK 

144. Solid of revolution through any anyle. The quantity 
wj as^2nj J ydydx. Also it is evident, that if the 
generating figure turn through an angle ^ instead of Hn, the 
solid content generated is equal to 

</> 

14 Ji. Limits of the preceding integrals. If the generating 
iigure have not for one of its iKUiinbiries the axis of revolu- 
tion, but a curved line, of which the equation is y =3; 
the limits of integration of y<fy arc Jx and Bimilarly, 
if it be required to find the solid generated by the p<irtion 
of such a figure of which the extreme co-ordinates aro two 
particular r^ues X and x of x, the ituegntl with respect to 
» must be taken between iltose limits. 

146. OmtctU of a udid of twridution in terms of its arm. 
Let y bo some constant quantity. Then if y were equal to tlm 
greatest value of the soxiMo y,Jf § d^dx would obviously 
be greater thanX/ Sf^^dm. If y were equal to the least 
value of the variable y, ff jdgdx would be less than 
,//*y<#y<f*. There is, therefore, some value of the con- 
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stMii § between tb« greatest and least yalues of for which 
f/Sd^dat, or 

y ffdy dxss ft/ d^ da. 

» * 

(By Pappus’s Theorems, y is shown to be the distance 
of the centre of gravity of the generating figure from tho 
axis of revolution.) The integral on the first side of the 
preceding equation expresses the area of the generating 
n^re. Therefore, from tlie last article, tho content of the 
solid of revolution through an angle is equal to 

X area of generating figure, 

where ^ is a line less than the greatest and greater than the 
least distances of points in the generating figure from the axis 
of revolution. 

147. Cubatiirr of a mild of revolution by polar cO'OrdiHat4$» 
Let PSA =6, PS=:r he tho 
co-ordinates of any point P 
in a piano figure referred to 
the pole S. Tho area of an 
element PP' of tho figure is 
(by Article 1 JU ) r d S dr, By 
the lust article, the mdul 
generaU'd hy the revolution 
of PP' uhout SM through an 
angle <f>, is rdOdr x a dis- 
tance which is ultimately 
equal to tho distance of P 
from SM, which is equal to 
r cos 6. Therefore, by the 
last article, the elementary solid %^rooB0dMr, and the 
content of a solid of revolution generated hy a sectorial area 
revolving, about an axis fixed with respect to it, through an 
angle f , is equal to 

«// f cosfidddr. 

148 . by polar co-ordinates. Every solid may be 
generated by the rotation about a fixed axis of a generatiim 
figure of which the form is variable. Suppose the ftggle m 
rotation to be Then any solid may be considered to be 
generated by the rotation of a figure funded by a curve pf 
which the equatbn ia r «c I). 


M 
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When the generating figure has revolved through an 
angle -f the equation to this curve l^ecomea 

fi). 

The solid Iwunded by the two corresponding generating 
figures may be always so ttiken as to be within that generated 
by the rotation of one of them» and partly without Umt geno- 
nited by the rotation of the other, through an nnglo 1^. 
IIcnce» ultimately, the required content is equal to Uiat due to 
the rotation of either figure; and, therefore, by the last article, 

is equal to rcosOdOdr. JTenco, the whole required 

solid content is equal to 

JX/ r COB dr dtp. 


140. ( 'uhatnve hy polar co-ordinatrs hy ditret investiya^iim> 
Let an assigned point s bo the 


jK)le ; lot SRQ be an ussi^ticd 
plane, and SR an n^si^ed straight 
line in that plane, llie position 
of a jKiint P may bo dotormiuod 
hy the length (^ ) uf .'^P, the radius 
vector, the angle at \\hi«‘h sp 
is inclined to the plane, and the 
angle at which tho projection of 
8P on tho plane is inclined to the 
assigned line SR. 

(This is evidently similar to 
a determination of the distance of 



a point above the earth by its 

distance (r) from the observer, its angular clevatiou above 
the horiaon (S), and (A) its bearing*’ uortli or south.) 

In order to find the ^l^did content l>oiirjded by a curved 
surface and planes meeting it and passing through the polo 
S. suppose that, by a numl>er of planes pssing through the 
pole, the solid is divided into a number of fryramids Yiaving 
all their vertices in S. 


The required solid content is greater than the sum of 
the prnunids within it, and less than the sum of a cor- 
responding set of p\Tamldfl jiartially ^^xtemal to it; and 
as the difference l>etween these two sums may l»e ditni- 
niahed indefinitely, the limit of either of them is the required 
solid content. 
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Let P, P' be two 
adjacent points in 
the curvea surface; 

P8|)=c:5, y)SR ==<^, 
co-ordinates of P; 

^0 -f« ^9, -f- 

co-ordinates of P'. 

Draw through P, P' 
respectively, the 
planes PQSp and P'Sq'Q\ perpendicular to the plane in 
which ^ is measured. Also, draw tlie planes P*Q8 and 
PQ'8, respectively perpendicular to the last-mentioned planes 
through P, P'. Therefore the angle PSQ = ^9 and 

Ultimately, p"8 = ps = r, and the pyramid on the rect- 
angular base P> is an element of the required solid. Now 
the content of such a pyramid = ^ area of base x altitude. 
Q'p tse as sp . ultimately (assuming the proof given 
hereafter, that the lengtlis of a chord and its arc are ulti- 
mately equal). But pSasreosS, PQ"s=rcos61^ ulti* 
maUdy. 

Similarly, QP = rH ultimately ; altitude of the pyramid 
SK r ultimately; its content == J rcos . rlfi . r ulti- 
mately. I'he required solid content is the limit of the sum 
of such elements, and therefore is equal to 

ffh r^co99dtpd^, or^/X7^r*co8 0drd^d9. 

This result is tlie aamo of the last article, in which the 
same letters evidently signify the same quantities. 
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SECTION XIII. 


RECTIFICATION OF CURVES AND COMPLANATION OF SURFACES. 

Axiom I. Of lines which join two assigned points, a 
straight line is the least. 

Axiom IL Of superficies which have an assigned plane 
perimeter, a plane is the least. 


160. Of all linm having the same extremities as a given 
cum, and met hy planes tehich meet ever%j point of it but 
cannot cut it, the curve itself is the least. I'liis projwsition is 
proved hy an extension of a method given in the Authors 
** Manual of the DiflVrential Calculus,” Art. 0^. 

Let AB be the assigned 


curve, either plane or of 
double curvature. Then 
lines joining A and B and 
met by planes which meet 
hut cannot cut APB, are all 
of some length, hut not all 
of the same length. There 
is, therefore, one at least 
of these lines which is tlie 
shortest possible. Let (if 
pcmible) ACB be one of 
these lines. Then, by hy- 



pothesis, ACB is met by 

the plane at any point P of APB. Two different lines 
cannot have common to all their points, planes which meet 
but cannot cot them ; therefore, the plane through P may be 
taken to cut ACB in two points £ and F, Therefore, F£, 
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a straight line, is shorter than FCE (Axiom 1). Therefore, 
ACB is not the shortest of the lines in question. In the 
same way it may he shewn that any other line tlian APB 
is not tlio shortest, but a shortest exists, therefore APB is 
the shortest, ^ 

151. Of all surfaces haring the same perimeter as a given 
surface^ and met by planes which meet every point of it biU 
cannot cut it, the girm surface is the least. Let APB he 
the assigned bui-facc, 
hanng an assigned pe« 
limeter A a lib. Then, 
surfaces having tliat po- 
riraeter and met hy 
planes which meet hut 
cannot cut APB, have 
all some magnitude, but 
not all the same mag- 
nitude. There is, tlicre- 
fore, one at least of 
tliese surfaces which is 
tho least posHiblo. Let 
ACB he one of the.so 
surfaces. 'J’hen, by hy- 
pothesis, ACB is met hy the plane tlux>ugh any point P of 
APB. Two dillerent surfaces cannot have common tangent 
planes at all their points. Therefore, the plane through 
P may U) taken to cut ACB, which cuts off from that plane 
a piano superficies. This piano superticies is less (Axiom 
II.) than the curved hurfnee between it and C. Therefore 
ACB is not tho least of the surfaces in question. In the 
same way it may he shown that no other surface thmi APB 
is the least. But a least surface exists. Therefore APB 
is the least surface. 

169. The length of a curte the limit of the length of 
a polygon, l^et AB ho a normal to any enrre, CBr (piano 
or of double curvature) and Cc a chord intersecting the 
normal perpendicularly at D. Draw irBE at right angles 
to AB, and in the same ]plane the normal ACE, and CP 
perpendicular to AC. ECF is a right angle ; EF > CP. 


c 
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Let the arc cBC be of such 
length that its curvature is con- 
tinuous; then F and the curve 
are on opposite sides of touching 
planes St all joints between C 
and B. Theriforo, bjr tbe lest 
article but one, 

BF-f CF>CB. but 13F>CF; 

• BE > BC. 

Arc CB > chord ru > €U (d 
Jartiori). 

Bj similar triangles, 

BE : IK : ; AB ; AD. 



As the curvuturc is oontinuous, the chord Oc ultimately 
coincides with the tangent at B, when tho an: CB is iu- 
dehniteljr diminished. Hence, ultimately, AD is equal to 
the finite line Aft, which is iln^ length of two ultimately 
intersectiug normals, and therefore it a mdius^f curvature ; 

the limit of the ratio ( D ; KB is I, Hence, since the 
arc €;b is between CD and BE in magnitude, tho limit ^uf 
its ratio to either of them is 1, 


limit 


CB 

CD 


similarly, limit 


CBr 


fB 
c I) ' 

arc 


Adding, limit — - » 1, or limit sc I. 

” CDc chonl 

Houeo it follows, that if in or ftl»out any rurvo of Hnitij 
magnitude Imi dcs<’ril)ed a polygon of any numlH^r of sides. 
Uie length of the cur^e is equal to the limit of their sum 
when they are indefinitely diminished in magnitude and 
increased in number. 

CoBOixanv. Let ( Dc be the arc of 
is the centre, and the angle BAC « 0 

CD 

sc 

AC 


the drcular measure of angle^K, 


a circle of which A 

according to 
AC 

Bin ft ; 


1 as: limit 


CB 

CD 


: limit 


CB 

AC 


CD 
’ AC 


: limit 


stnd 
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Similarly, limit 


land 


158. liectificaiwn of curves. If rectangular co-ordinates, 
( 4 P, jf) and 4- y + ^ 4- define two points in 

a curve, the distance between them is 4* 4- ^^)*» 

which is the length of the chord. Hence the length of 
the curve is the limit of the sum of quantities of the form of 
0^^ Sz^y. 



^ <lx‘ ^ dx‘ ) 


) dx* 


When the cuno is jdane one co-ordinate may be omitted, 
and the expression for the length of the curve becomes 


./■( 


,+:VV 


dx. 


154. The sHperjicus of a curved surface w the limit of the 
superficies of a j^dyhedron. I^t a polyhedron of any number 
of siaos be eiitum5cril>ed alwut a curved surface vvhidi is taken 
of such magnitude that its curvature is continuous. Then 
a4 tangent planes of the curved surface cut the polyhedron. 
Therefore (Art. 151 k it is greater than the curved surface. 

Within the curved surface inscribe a similar and similarly 
situated ]X)lyhedron. It is clear that planes may be drawn 
through cveiy jxnnt of tliis polyhedron, wliich do not cut 
it, but cut the curved surface. Therefore, by the same 
article, ibis polyhedron is less than the curved surface. 

Also, in a con/tniion^ curv^ed surface, an inscribed plane 
ultimately coincides with a tangent plane when the surface 
subtended is indefinitely diminished. Therefore, the edges 
of the inscribed and circumscribed polygons ultimately coin- 
cide, and the limit of the ratio of the lengths of two homo- 
logous edges is 1 (Art. 15^). 

Also, their homologous sides, being in the dupticate ratio 
of their homologous edges, liave 1 for the limit of their 
ratio. Therefore, the surface of the polyhedrons are ulti- 
mately equal. Consequently, the curved surface betweeli 
them is ultiinately equal to that of either polyhedron. 

155. Section a paraUelop^ad. The following propoeilioii 
will be required in determining the complanatioii of eolide. 
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Let ABC0 be the base of a rectangiilar parallelo{>iped, of 
Krhich the sides AaD, «!>, 6C, cCD are cut by the plane 
ihcl>, which is a parallelogram. Its area is required. 





lu the right-angled triangle rtAI>. fil>' =; A/i- -f AI>’, (1.) 
Similarly. Dc^ = I)C'^ + <;c\ (;i.) To lin.l tin? dinitanre ar, 
let a perpendicular ce be drawn from r on to A a. Tin n 
ae SB Aa — Cc, and in tlic right-angled triangle m e. 

rtC* s=s 4- (Art — Cc)* = AC' (An - (V)’ 

= Al>‘ -f CD* -h (Art ~ Vc)\ Cl ) 


In tlic triangle aDc, by a trigonomdrical fornuila. 
ffc* a» aD* -b cD* — JirtD . cDcosrtDC , t»r from ( I }. ci), i:{). 
AD* -f CD^ + (Art — Cc)‘ = aA' -f AD' 4 D(C ^ Cc* 

— 2 (rtA' -f AD‘)l(Dc f t c )^‘osrtD('; 

Aa.Cc z=: {a.V -f AD^)*{D(.:* 4- Cc )*co^rtD( ; 


also required area ahcD =« a D . cD sin a Dc, uinl 
sin' aDc *= 1 — ro»‘«Dc; (nhcD)* ex 

(«A* + AD’)(DC’ + Cc’)(l — ; \ 

^ I (oA' + AU)(m:‘ + (e)J 

die 0=3 (a A’. DC' + AD’. DC’ + AD’. (V )l. 


Hd. Complanatinn of iurfacet. Let the surface be re- 
ferred to rectangular co-ordinates ar, y. z. Also, suppose the 
sw&oe be cut by sereml platiee parallel to the planes xz, ya. 
respectiTely. llieo, by Art, I&i, the suidace is equal to the 
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limit of the sum of the sides of an inscribed polygon, and 
therefore is equal to the limit of the sum of pi^lelogratns 
inscribed within the surface and bounded by the supposed 
planes. 

In the lost figure, let AD l»e parallel to the axis of a?; 
AH to tliat of y ; A a to that of z; and let (a?, y, z) be the 
co-ordinates of D and DA ==3ar; AB =dy. Also let D, a, 
and h be three [joints in a curv«^d surface. Then, if in the 
equation to the surface, when a is increased by ia, and y 
does not increase, z he increased hj ^,z, Ao = ^,«. Simb 
hirly, if i^z ht^ an increment of z, due to an increment 
ia? not increasing, Cc = i^z. Therefore, by the last 
article, 

nhcV = . by- + bx- . bf' -f b^z'* , bx'y. 

llenco the required surface is equal to the limit of the 
sum of lenns of the form 




or the surface 


\Nhere the ptuenthescs indicate partial difTcrential coefficients. 
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SECTION XIV. 


INTEOIUTION OF DISCOSTINUOtS U NCTIONS. 

157. The Definitious of Arts. 17 and 1 15, were 

restricted to iinite contiiiuoua functions of a fiuito variable, 
and the priiiciplea of integration were established on the 
tacit ansttinption that the integrals were linite exact quantities, 
and that, consequently, each funetiun integrated had a singh^ 
determinate value for each value uf iu indepeudent variable. 

If, therefore, a function b»‘ discontinuouii, or have inUtiite 
or indeterminate values between the linnLs assij^neil for inte- 
gration, or if either of these limits be inhnilc, the preceding 
deiinitions do not apply to it. It may be observed, tluit the 
aocarary of most of the foregoing the^*rem» depends essen- 
tially on their application to finite funrtions, and is violated 
by the violation or this condition. 

159. The following is an instance of the errors that \vf»uld 
arise from application 
of the theorems of the ^ 

preceding secthms iu : j 

neglect of tho consider- || 1 

ation of tho lost paru / 1 1 

graph. j j \y 

Let y = be the /' j J \ 

^ 

equation to a curve re- /. j ; j- 

ferred to Ox. f)»/, m ^ 

rectangular axes. These ^ ^ ^ 

axes are asymj>totes of 

the curve, which has two similar b ranch ts 

The artft included by any iKirtion of the nirv‘% the ordi- 
nates at its extremities, and the axtH of x, is equal to 

J'ytfai between corrcs|»oiKli ng limits ( Art. 11#), if the func- 
tion integrated laj finite and continuous between those limits. 
Therefore, the area 

, I 1 

APQi « / — = 5 - , 

Jh b n 
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if OAma, Ohs»b. This value of the area is incrdaaed 
indefinitely as ft is dii^inished. We may, therefore, make 
the area APQft as large as we please by taking the point 
ft near enough to O. 

If, however, we integrate from o to — a, we find the area 

AVypa == , 

ct 

if Oass— a. And this result is evidently erroneous, for it 
gives the expression for the area, which ought to be positive 
(Art. lir>)» ^ negative sign, and it makes it equal to a finite 
quantity; whereas it has been proved, that of the area a 
portion may he taken indefinitely large. The error arises 
from integration through an infinite value of the integrated 
function. 

159. The meaning, then, to he assigned to integrals of 
functions which arc infinite or discontinuous between the 
limits of integration, is up to this place purely arbitrary; a 
definition of such integrals may, however, be given, which is 
so strictly analogous to tlio preceding definitions, as to render 
obvious the methods of extending to discontinuous functions 
the principles already demonstrated. 

Definition. If /a? become infinite, iinpossihie, or dis- 
continuous for either or both the values 4 ;=: a, 4 ; as ft, but 

/ f-* a 

Jxdx be defined to be 

/ ' * a — 

Jxdx, when ft, and ft^ are any continu- 

& -f- Ij 

ous quantities which have the limit zero; a — ft, and ft-fft, 
being values of x, between a and ft. 

Wore generally, if Jx become infinite, impossible, or 
discontinuous for the finite number of values a, ft, c ... m, 
and for none else, of x between X and x, let, by analogy 
/•X 

with Art. 2T, / Jx dx bo defined to be the limit of 

111 —I' 

"fxdx ... («), 
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when •*» «Fe any ooutioooiui q^tiUes \vhidi liiive 

Uie limit zero ; o — d'j and + ^, being between a and h, 
h — d'f and e + d, between b and c, d*e. 

/*r 

Principal f?alu^ of inUgmk, The value of /xdjc, 

aa just defined, may be dependent on the relative magni- 
tudes of the arbitrary quantities ii', ... If these quantities 
be assumed to be all equal, the integral has then what is 
termed by M. Cauchy its prittnjHtl rnlm. 

Example. — The following is an instance of an integral, 
of which the value, according to tlje above dctinition, is 
essentially arbitrary : — 



= limit log, Y = f 

a quantity to which any vnliio \vliat< \cr may be assigned at 
pleasure, by aasigming a eorrespomling relati'ai between the 
arbitrary quantities 

If in the preceding result = , we have the “principal 

value df the integral equal to log^ 1=0. 

161. Condition that int^gralr matj he tU terminate . Kveiyr 
funciton which is linito and continuous between any exact 
limits, either ctmtiniiolly increases or <"ontinnally dwreasos, 
or alternately increases and decreases an exact numlior of 
iltemaiiotis. ^Take two limiu, l»etvr<sen which it continually 
iticreases or decreases. The integral of the function between 
those limiu is (Art. 32) l>etween iu two Unite quadratures, 
and is, therefore, a finite quantity. It is also determinat4*, 
not arbitrary, for the only arbitrary' qualities in the quod- 
ratures disappear from them in llie limit# Art. 26. Also, 
the whole integml between any finite limits is the sum of 
integrals, such as that just considered, and of which the 
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number U that of the altema^ons referred to. Therefore, 
the ^hole integral is an exact quantity. 

If, however, the function to be integrated be not always 
finite and continuous between the limits of integration, the 
integral is the limit of the sum of the integrals of (a) in 
the last article but one. If the limit of all of them be 


finite, fxdx (their sum) is finite. It is then also 

determinate. For each of the integrals of (a) is determinate 
according to the last paragraph, and the only arbitrary qnan> 
lities d,, ... <ii8apj^)car in the limit. 

Hence, when fwdx is cither infinite or indeterminate, 

the integrals in (c) liavc not all finite limiting values. If those 

which arc infinito in tlio limit })C all positive, f xdx 

is evidently equal to -f x ; if they be all negative, to — oo. 

Hence, the only case in which / f xdx can he indo- 

terminate or arbitrary, is when more than one of the inte- 
gmls in (a) are intinite, and have different signs in the limit, 
/•X 

wlu'U ! f xdx takes the indeterminate form (adding to- 

gether the infinite quantities with like signs) go — ct . 

/ * « dx 

— is the limit 

X 

of the sum of two integrals, of wliich the first has th%jimit- 
ing value -f x, and the second — x. 


169 . The preceding principles may be illustrated geome- 
trically. First, with respect to finite continuoiu functions: 
let p be such a function of and sr, y, the co-ordinates of a 
plane curve which will be unhrok$n, since the funoiion is 
coutiuuout. Whatever may be the form of ihe^rve, a finite 
area is included by a finite portion of the axis of m, the 
ordinates at the extremities of that portion, and the arc 

between them. But this area is equal io^fydx^ taken be- 
tween finite limitSt 

Next, let the function be noi always finite and continuous. 
Then it will l>e represented by a curve, y f», which has 
infinite branches, or breaks, or both. 



IKTKOBITIOK 09 DftCOKTlXQOim frN<T10N8. 


Where there are breaks only, 
as from B to C and D to F, and ^ y 

not infinite branches, let a and b ^ 

be the ralues of » at the points 
a and h in the diagram. Then 
the area flAB6 is evidently equal 

_ ydx, a 

«4-#a * u 

finite quantity. Similarly, the 
areas bounded by the other parts 

of the curve are expressed by the limits of integrals of iho 

.. X 

form of those info), Art, 150: and the quantity j (xdx 

in that article repre.sent8 the \Nhole area of the curve, uhidi 
is equivalent to the sura of the areas f>f its pnris. 

If the curve be of the Ibrtu 
AB, CD, and have no values of »/ 

between Bi, Cr, the functiou is ;*/ »• 

impossible for the iniinilo nuiu i 

ber of valuea of x greater than j ,, 

Oh and leas than Oc, Then tho | 

definition of Art. 150, which is j j 

restricted to functions with a finite | j 

number of irnpossiblo values, is ; I ^ 

inapplicable. In order to inter " ^ ” 

prat geometrically or analytically 

integrals of such functions, another definition would re- 
quired, a* essentially arbitrary as that jtist mentioned. 

Next, let the curve have infinite ordinates y for finite 
valuea of a. These ordinates are asymptotes oi the curve, 
and the area bounded by the infinite branobea of the curve 
may be finite, aa in instances given in Arts. and ]t^7. 
If ordinates y bo all [>asiiive, these areas are f>ositive, 

/»X 

and their sum is the quantity j { xdx, which is now 

under consideration. If some of the ordinatea be negative, 
the correaponding areas are negative (Art. I'f5), and the limit 
of aome of the integrals in (a). Art. 15U, will be negative; 

so that fxdx, the algebraical sum of the limits of those 

integrala, will repraeent the dtfierence between the total 
areas on opposite aides of the axis of x. 
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/•(X 

Ltiisily, let the cttnre be eoch as to repireswit 

1 the form od — <ao . The 

arve, of ^hicb the equation 9 

5 V j=s i , has two similar in- 1 

. \ 

mite branches ; one on the \f> 

lositive and one on the nega- 

ive sides of both axes, which i 

re asymptotes. Let OA =a, , 1 , ip 

)BsrO^. The area WbaA T" o a jr 

fflN. I 
O \ 

Let OA' = — «, \ 

OB' 

area B'//rt'A' = 5 : ^ ' — - (Art. L35) 

= (Art. 30. IV.) =logi*. 

, r<^clx . , . - r^dx p-\dx 

I he intcgrnl / — is the limit of / (- / — 

J X J X 4 / ~o X 

= limit of (area llbaA — area B'^'o'A') as B and B' ap- 
)roaoh O, But the difference between these two is arbitrary, 
or it depends on the laCio of tlie two arbitrary quautitios 
)B, OB'. If we choose to assume OB =OB', the two areas 
WhaA and jVl/aA' arc always equal; their difference is 
hen zero, which is, therefore, the princqial ” value of the 
/’n dx 
niogral j . 


lOff. Integrah with injinite limiis. The deffnitions of 
ntegrals (Arts. 1 # and 159) were restricted to finite limits. 
Ihe extension of Uie definition 10 integrals with infinite 
imits, may, by obvious analogy with preceding cases, be taken 
o be tlie limit which the integiwl witn finite limits approadies 
vhen either or both limits are indefinitely increased. 
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104* inu^rali qf dt^omUimiouM j^nctiom* Hftnr 

rf tbf pnaciples of this section respecting integrsls of one 
independent tariable mar be extended to multipie integrals. 

Fw ins^ce, it was shewn in Art 118, that the result of 
multiple integration of finite continuous jfunctions is the 
ti&me in whatever order the several integrations be per* 
formed. This principle does not hold for functions which far 
particular values of the independent variables between Uio 
limits of integration become infinite. 

yi ^ gp 

For example, if x first approach the limit 0 

’fy y * ‘ 

and then has the limit x ; ami, if y first approach the 
limit 0 and then «, has the limit — x . Wc cannot, there- 
fore, affirm, that 


'-a -h 'T y ) 

J -h J -a 


have the same result. 




X -f tf* x’ -f 4 


taking the integral between limits, y r= 4 and y ^ 


U /V 

J ^ 


li tan" * =r — 4 tali'" ‘ ,, 
b h 


taking the integral between limits, x = n hik! 
Now reverse the order of integrations. 


f 

-f* / 
- dy 


-f y' y -f o' 


/ -T'* — : 2 tan*'’* sss 4 tan " * - , 

J y ^ a a a 
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taking tlie intagral between the same limits as before. 
Hence the two results difier bj 

4 4- 4 tan*"* ~ = 4 f — — tan"* - ^ + 4 tan"** 2ir. 

fj a \U a J a 

165. lu order that multiple integrals of discontinuous 
functions may bo the subjects of exact investigation, a new 
arbitrary definition is requisite. The following is an obvious 
oxtenHion of the definition for discontinuous functions of one 
variable. 

r>EFiNiTroN ranges of values of the function be- 
tween arbitrary' limits which include the discontinuous values. 
Integrate the funetion for the rest of its values. The limit 
of the result whoi the ranges of rxeluded values are as far 
as [loshible contracted is the re(piired integral. 

IfWV 1'o illnslrate the definition, suppose, first, that there 
are (»nly two iiuh'pendent variablrs, .r and f/. ('onsider them 
to he reetangular co-ordinates of a point, of which /(^r, /✓), 
or r, is lh(’ third rectangular co ordinate, 'Fhen s =r v) 
is the equation to a surfm'c. Sujqxise, first, t to become 
inliuite only \\ben drawn from an isolated point (o, 1), in the 
plane of .r, //. 

Now, im lose the isolated point l>y any contour in that 
plane. Then int(‘grate for all values of z drawn from points 
in the plane nf .r. //, without thi^ contour. The result is, the 
\idnine of the solid under the supposed surface, minus the 
cont<Mit (4 a tube surrounding the infinite ordinate. Tho 
analogy \^i(h the preceding definition requires that the Iwre 
of the tuhe he diminislied indefinitely. Now, the Ikifo or 
contour may diminish an intinite number of ways. Its 
ultimate form may he any curve or a point. 

Again, all things else remaining as before, let z be infinite 
when dniwn from any jxuut of sonu) finite curve in the plane 
a*. V. Surnmnd this curve by a contour on the same plane. 
The solid, minus the content of the tube, having this contour 
for its bore, is taken as before ; but iu this case the contour 
iHM'cssanly contracts into the assigned ( urve. 

107. ]f the function include three inde|>endent variables 
4*, tf/, we may regard /(jt, y. some kind of magnitude 
(a mochanical magnitude, for instance.) which depends on 
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the pMiUon of poinU in space. Then, without assi^ing a 
meaning for the Integra], wt^ may 8np{>oae t}iat the function 
becomes infinite, either at an isolated |>oiiit, or at all points in 
a certain line, or all in a certain surface, or all in a certain 
solid. In either case, suppose the point or |>oints surrounded 
by a surface. Tho required integral is tlie limit of that 
of the remaining solid when the surrounding surface is con- 
tracted to the utmost. When its ultimate form i« a surface, 
the equation to it gives one relation l>etwecn the varinblo 
limiting values of x, r: when the ultimate form is a 
line, the equations to it give two relations; when tlje ul- 
timate form is a point, three. In the same way with n 
independent varinhles. it may l>e conceived that 1, or *4, 
or JJ ... or n such relations exist, <»f which, Bume may ht' 
arbitrary. 


The required integral, eonsequently, may depend 
on arbitrary relations, and itself, thfM*efore, he arhitniry. 
Where, however, the function is such as to be infinite only 
for isolaud values of the variables, and is tbe name in what- 
ever manner the ranges of tho excluded values are con- 
tracted, the following method gives the rcquirtnl dtlenniiuito 
result. 

Let a function y'(;, //. x ... s, r) become infinite or dis- 
continuous for a finite immlM r of values of the iudcpendiuit 
variablos of which those of r are a^, a , a^, ... aiel nono 
else between fl and r. Also, let the required integral 


/•z /'Y /-n 

/ •* / r) 

r K 

1)0 reduced (Art. 117) to the form / Ftrld#, by tha 

%fx 

successive integration f z, y r\, and other finictions 
(which have not discontinuous or intinite values until a,, a,. 
< 1 ^ ... be substituted in them for r). Then lh<j required 
integral may be considered to ho the limit of 

F(r)rfr+ / F(r)*lr-f / F(rjrfr + ... 

/'•a — 

-y, • 
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ivhen ... are any continuous quantities which have 

I he limit zero; and u, -f- dj being between «, and 

» 2 ’ V between and a,,, 

1 00. The inUffral in independent of the order of integration. 
Let e desigimto the independent variable preceding r in the 
order of integration of r), so tW 

/ f (r, e) ds = Fr, 

just reftiTcd to. The integral is, by the preceding 8uppo< 
ition, tlie limit of 


f/r / f(r, -f / dr f f (r, s)</« + ... 

«i4>, c' * 

a — /» R 

" f(r,n)dn (1.) 


J.et h^, h, ... be the values of j». which correspond to 
</,, a.^ of r, to render the original function discontinuous 
<»r infinite. It is required to shew that (when i', ... have 
the limit zero) the limit of 


/ S /'It Z' ^ . 

,h / f(r, »)dr + /, ‘ 'd$ f (r, *)rfr + ... 

/ ■'?•— l' /'It 

- -d, / f (r. .)rfr (2.) 

I % ' r 


is the sum© os that of (1), if that be not arbitrary. 

For brevity, omit all the symlK)ls of integration except the 

limits. Then indicates the oj^eration of integration of 

f (r, «) between limits 8 and e, ITien, since f (r, #) is a 
continuous function, while the value of r is general, 

S 8 . , ^i4t* . . 

• ftj-fl, • 

bv Art. ill. Therefore (1) becomes, supposing the opeimtion 
written outside each bracket to be performed on all within it: 
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R 

+ 

(S 1 

.*«+•« 

' i 

m M 


4. 4. ‘ 4 . 

^,4*j 


"b drc. 





• ■f I'-'* : 

m m 

In the 

same way (‘2) becx)mcs 


' ] 
».+«. 1 



‘.+', 1 

^ + 1 

n„-f > 

.,4“ 

“^rt^-)' 

•* « 


■) ( 1 ) 




(II) 


•f Ac. 


-f 


*--‘- 1 ® 4 .“'+*' 4 . 


rt.—)', rt 4 ) <1 

‘ '-f.-.-f - -f " 

3. rt — # r 

^ ^ MM 


It will bo found that the alternate exprensiona, l>oginning 
with the first and ending with the last in tho f }* eonre* 
apond to integrals which are common to (I.) and (II.). 
Hence, the difference (I.) — (H ) doos not contain thojw^ 
integrals. 

Of all the remaining integrals, tho limits written in the 
{ } indeffnitelv approach each other when i,, r', ... d,, ... 

approach zero. Hence, the limit of each of these integrals 
is zero. Consequent])*, as their number is finite, the limit 
of the difference (I.) — (II.) is zero. Therefore, (1) and (t2) 
have the same limit. This result shews that it is immaterial 
with respect to which independent variable the final into** 
mtion 18 performed. And, with respect to all the other 
independent variables, the order of integration is proved to 
be independent in Art. 117. 
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SECTION XV. 


r»F. FINITE INTEOUALS. 


170. There arc many functions, as bas been already 
stated (Art. 40 ), of which the indefinite integral cannot be 
expressed in finite terms hy ordinary algebraical, logaritbtnic, 
and cinmkr functions; whore, however, general integrals 
<'annot be found, integrals between particular limits may be 


€ ^ dx cannot 


frciiuentlv determined. For instance, / 

* / 

ho expressed by a finite number of algebraical or trigono- 
metrical functions of a and h \ but 


€ dx ^ k frt, 

as will he presently shewn. 

The subject of definite integration is of great importance 
in difficult mathematical investigations, and it frequently 
happens that the particular limits between which definite 
integrala can be most readily determined, are those to which 
such investigations lead. The scope of tliis treatise will not 
allow of more than a very brief notice of one or two of the 
most imjKirtant principles of definite integration. 


171. The tecond Kolerian iotrgrnL /: dz. 


/ r-* Oe> 1 

^ whtn 

derives its nam© from Euler, who first investigwte 4 4 * is 
designated hjr Legendre bv the symbol r(fi), where it Is 
l>osiiive. The integral is evidonUy a function of n only. 


oo 

172. To determine x* where n ii a pasHhe 

fnUfftr. In Art. BO, write P = €“*'; P, =r 
p A'c. Therefore. 
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^ »" e—dx = «— ' («-'«• + a-* . « X— > 

+ a~®. «.» — 1 4 * ... 4 - w . . 1 ). 

When at becomes infinite, hiis tlie limiting value 

zero, by evaluation according to the methods of the Diffc 
rential Calculus ; 



^ a?" 1 , 2 . n 


w. When a 


1 , 


.4 


€~~^(ix = 1 . Q . .'I ... W =: r 4 - 1 ) 


by the last article ; r(Q)»l; r(.'l)= 1 .ii; r(‘l)= I .3, itr.; 
4“ Df. 

Oo 

as"' e (i X, n hrn n in vot an 

hUeger, Changing x into ax in the equation 


/ '» QO 

ar’' ‘e"' </**•» r( 11), we lirt 

/ <% 00 

ar*'-’ t 

0 


I , ^'(^0 




for all positive values of », Integrating by parts, 

f 4- « /* € 

Taking this l>etween limits jp = x and .r = 0, we have 
r(« 4- 1) =s hPw for all finite ponith e \alue« of ». Bimilarly, 

r(«4'2) = (fi4- I)r(/J4- IK r(«4-‘‘l/~(«4*2)r(n4-itK ^c. 

174, The ,fint Fufrrmn inttoraf. In (a) Art. 173, write 
p 4- y for «, end 1 4-.y for o. ^rben 

Jo (It 

MiiiUpl;ing by j/^'dy, and integming between limiti 
x> and 0 , 
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U + yY^^' 


The multiple integral may be integrated first with respect 
:o y, considering x constant (Art. 117). The resulting 
integral is similar to that of (a) Art. 173. Hence, the 
multiple integral becomes 

00 p (7 /■* 00 

! dx ^ T q == Ty . F/?. 


Whence from the preceding equation, 
r/> . Fy _ 

-h (?) (1 


(p i ?)• 


The integral is called iho fir^X Eulerian inUgral, and is 
designated l»y the symbol (ply), by Cournot. The pre- 
ceding formula is the fundamental relation between the two 
Kulorian integrals, It is evident from it that 

(/’I?) = (?!/’)• 


175. IJltmnte ratios of Euh^rian integrah. In the first Eu- 

X 

lorian integral put 1 -f p = e'*. Then, when y == 0, ic = 0; 
and when y =s= oe, c = oo ; so that the limits of the integral 

1 i 

nro not changed. Also, rfy=-€^</c, and the integral 
l^ccomes 




0 


’^J 0 




: ( i» f > 


y, e* c e 


"{;» (1 - e "»>)}•-> e -' rf . r . 


All the stepa hy which this result is obtained hold when 
p is indefinitely increased. Then the quantity in the { } 

may bo put in the form and by evaluation hy difierrotia- 
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lion becomes z. Hence, when p is indefinitely increased, 
the first Eulerian integral 

r 00 Tg 

(p I q) becomes p'^ J ^ -y*"’ €'~‘ dz = 

Therefore, substituting in the last article for (/> I q), 

rp ^ J_ r(;> + y) _ 
r(/> + ?) p’" r/. 

when p is indefinitely increased. 

If in the last result wo put for q, successively, 1 -f w and 
1 — n, and multiply together the results so obtained, we have 

r(> + 1 -f n) r(/? -f 1 - n) 

/ i^PY 

== ^ H- n). r(^ 4- I - 

[r(/> 4- l)j‘ 

(Art 17B), when p h indefinitely increased. 

176. Multiplying together a series of the equations nt tlio 
end of Art. 176, jo 4- 1 in number, and omitting common 
factors, 

« . n4-l • w + 2 ... 71+ p. = — 

I (n) 

^ 4- 1 — n) 

. 1 _ ^ Q •• . — * ' • 


1— n . 2— « . 3— n ... ji — h.=z 


r(l - n) 


wriUng 1 — n for n, and /> — 1 for j>. Multiplying together 
these two equations, we have 

I’— n* . 2’— n* . 3*— n’ 

_ n;> + w4- l)r( y> -»-^ I) 

n r n I' (1 — «) 

i_— . 1—— ... 1— — 

1* 2‘ 3‘ />' 

r( 7 »+ n + 1) H/»-n + 1) 1 

“ «r(n)r(l — «) 

1 ) 1 

” lr(;>+i)J’ ■ »r(»)r(l-ii)' 
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Bjr Art 175 first fraction on ibe second sida of 
this equation converges to the value 1, as p is indefinitelj 
increased ; 


n* , n* , n 


1 »r(ii)r(l -n)’ 

or r(«)r(l-«)=-A-. 
nn wr(i?)r(l — n) ^ ^ smww 

XIonce when w ^ , 

[r(i)]*a«=w, r(i) as fT* «* 

Also, writing for n, r ^ ^ ^ r ^ ~ — 

sin — 
n 

i,.,.. rn)v(t^) 

n \n/ \ n / . 9»r 


for fi, r 


\ n J n . n — 1 


sm yr 


Multiplying (n — 1) of these equations together, and re- 

^ .7i-- 1 n 

inombeniif? that sin— .sm ...sm n ss wo 

n n n g*" ^ 

have 

From €'~^dx = «•*, we easily find 

d X xs: I w\ putting x* a* <r. 

17T. To int«ttigal 0 I ^ <f*c~"C08r*. Iot«grating by 

P»rt«, 
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lift 


r« = ^ cos ~ «i 


sin 


1 ^ P 

- sm TX ^ t cos rxdx ; 
a <1^/ 


■■/■ 


efa? €*^ cos r« jss — 


£“** sin r4t srs — 6’^'' 


o cos r a? rsin rx 

rt* -f. 


rtsin rx — rcos ras 


a" -e »-• 


These integrals are to be taken between limits « *= <x and 
X = 0. When a is positive and not zrro^ is zero at the 
former limit, at which also the fractions on tho second sides 
of these eqttfktions are finite if a and r bo not zero, since 
sines and cosines are finite bj their definition. Again, when 
X has tho limit 0, = 1 if c he Jinite : tho niunerators 

of the fractions become a and r respet' lively, if a and r ho 
finite. Hence 

/ '^ oo a 

dx €~^' cos rx ^ r, ; 

.0 a* ’i- r* 



00 


c“" sin rx = 


r 

+ P 


(1) 


17B. Sine and cosine of an infinite angle. If, in defiance 
of the restrictions with respect to a htk! r, by which these 
results are obtained, wo put « = 0, r remaining finite, and 
assume that e“"’ '=I. for all values of r. between iu 
limits, the results apparently becorno 



dxcoH rx = 0 ; 



dxhin X 


1 

r 




whence, since 

/ ► sinrx p, ermrx 

dxcosrx=: — J dxnnrx’so , 

it would follow that cos oo == 0 and sin x « 0. 

But it is essential to the eralnation of the original definite 
integral that am ss x, when x s x ; a condition which re> 
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quires an arbitrary relation between m and a if the latter 
liave the limit 0. Moreover, the supposed values of cosoo 
and sin od violate the relation sin* cos* = 1 , which is part 
of the very definition of ‘‘sine” and “cosine.’* 

The antecedent objection to assigning a definite value to 
the sine or cosiue of an infinite angle is perfectly iosuper- 
able ; for, however great a number of times the ramus 
describing the angle revolve, the sine and cosine will vaiy 
from 1 to — 1 in the course of each revolution. 

The correct statement to l>e substituted for equations 
appears to be, that the original definite integrals St €~^'cosra 

and €~^'8inra?, approach the limits 0 and ^respectively, 

when a approaches the limit 0, r remaining finite. 

Since equations ( 1 ) are true for all finite positive values 
of a and r, Jet where n is any arbitilry number. 

Then, the first equation of (1) becomes 

/ » 00 1 

^/ar€~^'co8 (na)*a? = 

0 a -f n 


If it were allo\>able to put a = 0, wc should have in strict 

/ . OD 1 1 

dx ^ cc :=z anj' finite arbi- 
_ 0 n n ' 

trary quantity, — a result which obviously contradicts the 
fundamental principles of the Integml Calculus, 


/ « 00 

dx cos* x,^ 

by parts twice, it is easily fouud that 

2sin;r — acoBx 


.ft 


d X i”** cos* a? cos x - 


a* -f 4 


By integration 

rt(a* 4*4) 


When « OS OD, is zero for all positive values of a mot 

zero, and therefore the second side of the preceding equa* 
lion vamsbes. When x «= 0, the same side becomes 



2 

tt(a* -i- 4 )' 

g* -f 2 
g(g* -1*4)’ 
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180. Difir^ntuUion of dejmiu inUgrah, The difTerential 
coeMcieut with respect to c of a definite integral 

c)dx, 

is found by difFerentiatiog under the J' the function /{jr, c). 
Let F be the integral, and IF its increment, due to an 
increment ic of c; and let Ifiss.c) be the corresponding 
increment of / («, c). 


a 

=7* 


H- «c)<ir — f)*/* 

c + Ac) —f{x, 


^ a..d 'if= 

dc Jh dc f/c h dc 


d,r, 


when has the limit zero. 


/ , » QO ^ 

</xe~^*’*^*cos Qcj*. The pnn- 

0 

eipio of the last article is remarkably illustrated by this 
integral. Callizig it F, 


dr 

dc 





sin ^cx 


(!) 


- 

= la 
0 \ 


' sin %cx 




dm cos ^ZcjT, 


integrating by parte. The quantity in the bracket disappears 
when taken between the assigned limits, for all finite values 
of c, a not being zero ; 


— 

dc 


Qca^F; 


IT 

F 


s— Qca'^.de. 


Integrating, log , F « — + a constant, or F saC 

3 nation ( 1 ) and all that follow from it are true for all finite 
nes of e, podtive or ne^ive. 'Fbenefore. if in the last 
equation, e aring the limiting value 0, we have 
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This integral is due to Laplace ; — Mi moires de V Institute 

1810 . 



APPENDIX. 


DEMOfftTRATlOK OF TATI 0 n*« TlfEORfeW. 

Lkt any function (/) of a aingle variable and ita me- 
cesaiva differential coefficients (/', / tie.) be finite and 
continuous for all values of the variable from a to e -f 
In the expression 

/(a+«-)-/«-/'a.x-/ « -/—x. -K (1), 

1 . 2 1 1 1.2 . ,H 

let R be such a finite quantity, not involving 4f. that when 
a: =s /i the expression =0. It is also zero whon .rest). 
Ilut a function which is zero for two ditTcrent values of its 
variable cannot be always iucrefoiing nor always decreasing 
in the interval. Hence there is some value \x^) of m bc^ 
tween 0 and h, for which the difTcrential coeffuieiit of (1) 
(i. <f. its rate of increase) is zero ; or, 

tt i ~ K . ... {Z), 

is aero when ir ss (2) is zero also when z «■ 0. There- 
fore, as before, there is a value of x between atj and 0, 
for which the differentml coe fficient of (2) is zero. Con* 
tinuing the [froceas to n diflerentiationi. we Imvo, finally, 
/“(a -f #) — R = D, when ar lias some value between 0 and n. 
Let this value be 6 A where 6 Ls a proper fraction. Then 
R aK/*(a 4* ^A). Bubslituting this value of K in (1), and 
putting ( I ) =: 0 when x mah, 

A’ A* 

/(rt-f A)=/<u)4-/fl.A4-r'« — , 4 /"<<» 4 6A)— 

which is Lagrange's Theorem on the Limits of Taylors 
Tbeorem. 


4 
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If the last term of this series become zero when n is 
snfficientljr large, 

/(a -f =/a . /t 4 f"a. + ... to convergence, 

which is Taylor’s Theorem. 

This demonstration is a somewhat simplified form of one 
originally published by the Author, in the Cambridge and 
Dublin Mathematical Journal,” vol. vi., p. 80, and reprinted 
in his ** Manual of the Differential Calculus,” Art. 54. 


2. TAYLon’s THEOKKM DEMONSTBATED BY INTEGBATIOK. 


By successive integration by parts, 
yy* (a z)(izzs: zf {a h --- 2) ^ ^ zf'ia + h---x)dz 




- (a + A - (« + A - :) + (a + A - ») + ... 

+ f f!l! /« (a + A 

Take this result between z^h and ^ = 0. The first side 
of the equation becomes, by Art. 30, (HI.), /(« -f h)^fa. 
Then, transferring fa to the second side of the equation 
taken between limits, 

/(a + h) ^/a ’\-f'aJi . j— -f- ... 

which expresses the remainder of Taylor s series by a definite 
integral. 


o. WooSIMI and Son. Pitetm, Aaftt Coon, SklsaMr SMt. London. 












